HOMOLOGICAL ALGEBRA IN LOCALLY
COMPACT ABELIAN GROUPS

BY
MARTIN MOSKOWITZ(*)

I. Introduction. This paper is concerned with homological algebra in the cate-
gory £ of locally compact abelian topological groups. The morphisms of . are
the continuous homomorphisms. However, only certain exact sequences, resolu-
tions etc., are admissible. These are sequences whose continuous homomorphisms
are open onto their respective ranges. Such maps are called proper and the corre-
sponding sequences, proper exact. Concomitant with this is the fact that although
Z is an additive category it is not abelian.

The material in §II may be regarded as preparatory, although there may be some
independent interest here. Various structural facts are proven (some of which are well
known) and basic properties of important dual subcategories of . are investigated.

In §III the projectives and injegtives of £ are computed. It turns out that sub-
groups of projectives are projective and quotient groups of injectives are injective.
Vector groups are characterized by the fact that they are both projective and
injective. Finally, necessary and sufficient conditions are given for the existence of
proper resolutions.

In §§IV and V continuous versions of the functors Hom and ) (via dualization)
are defined on certain subcategories of .# and their functorial properties, including
exactness, are investigated. These extend the usual notions for discrete groups.
In order to do this it is necessary to study topological groups of continuous multi-
linear functions. Sufficient, and in a sense, necessary conditions are given for the
various groups to be locally compact. Under these conditions the appropriate
functors are shown to be isomorphic. Finally, more or less explicit computations
are made for Hom, (X), etc., sharpening some of the earlier results, and their
geometric and structural significance is investigated.

In §VI Tor and Ext are defined by resolutions as derived functors of () and
Hom, and their functorial properties are studied. It turns out that Tor, and Ext,
vanish for n=2, and that Tor, and Ext, are computable. Knowledge of Ext, in
turn gives information about certain group extensions in &.

Th:  ,hout this paper, complete duality of all concepts and theorems is ob-
tained. In order to accomplish this some concessions have to be made to the
topology at various stages. For this reason the functors Hom, (), Tor, and Ext
are not defined on . but only on certain subcategories.
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This paper relies heavily on the Pontrjagin Duality Theorem and related structural
and character theoretic facts about locally compact abelian groups. These facts
are to be found for the most part in [1] or [2]. Material on discrete abelian group
theory, and homological algebra are to be found in [3] and [6] respectively. Whenever
possible we have deliberately chosen to refer to textbooks rather than the original
papers since there the material is systematically organized. One theorem of some
importance in the theory of locally compact groups is the so-called Open Mapping
Theorem due to Pontrjagin. (See [2, Vol. I].) Since it seems to be less well known
than the above material and is used so frequently here, it is worthwhile stating.

Let G and H be arbitrary locally compact groups and f: G — H a continuous
surjective homomorphism. If Gis the countable union of compact sets, then f'is open.

Now a locally compact group G is called compactly generated if there exists a com-
pact symmetric neighborhood U of 1 so that G=|J;-, U™ Evidently a compactly
generated group is the countable union of compact sets, and it is the class of com-
pactly generated abelian groups to which we will apply the Open Mapping Theorem.

Before proceeding we make the following notational conventions: By G in &
we mean that G is a locally compact abelian group with the group operation written
additively. We denote by R, Z, T the group of real numbers, integers and reals
modulo 1 respectively. If G and H are in £ and f: G — H is a continuous homo-
morphism we denote by G~ and H”™ the character groups of G and H and by
f7: H® — G the continuous homomorphism dual to f. If G is in % and H is a
closed subgroup of G, then (G™, H) stands for the annihilator of H in G™. The
symbol ~ always means an isomorphism of topological groups. If {G},; is a
family of groups in % we denote their direct product by G, @ --- @ G, if the
family is finite and by [ ];; G; in general. If all the G, are equal we shall write G'.
The group G always denotes a locally compact abelian group, and G, its identity
component. The symbols S°, S ~, and ids denote the interior, closure, and identity
map S — S respectively.

Finally, I would like to express my gratitude and appreciation to Professor G. P.
Hochschild who, as thesis adviser, gave without limit his time, energy, and advice.
In addition to many valuable suggestions Professor Hochschild gave me much
encouragement during the entire period of the preparation of this paper.

I1I. Structural results.

PROPOSITION 2.1. Let G, and G, be in &, f: G, — G, be a continuous homo-
morphism, and G7, G3 and f~ be their duals. Then,

(1) Ker f~=(G3, f(G1)),

(@) (G2 =(GT, Ker f),

(3) [~ is a monomorphism if and only if f(G,) is dense in G..

Proof. (1) It is easy to see that for any closed subgroup H; of G,

(M)~ XGT, Hy) = (G5, f(HY) ).

The result follows by taking H, =G,.
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(2) Apply (1) to f~. Then Ker f~"=(G7"™, f~(G2)~) and therefore, by the
duality theorem, Ker f=(Gy, f~(G7)~). Taking annihilators we have

S7(G2)™ = (GT, Ker ).

(3) f~ is a monomorphism if and only if (0)=Ker f~=(G7, f(G,) "), i.e., if
and only if f(G,)” =G,.

PROPOSITION 2.2. Let G, and Gy be in £. If f: G, — G is a proper homomorphism
then

(1) f(Gy) is a closed subgroup of G,

(2) Ker f7=(Gz, f(GY),

(3) [ is a proper homomorphism.

Proof. (1) Since f(G,) is a continuous open image of a locally compact space,
it is locally compact. A locally compact subgroup of a topological group is closed.

(2) This follows immediately from (1) and Proposition 2.1, Part 1.

(3) f factors into gm where =: G; — G,/Ker f is the canonical epimorphism
and g: G,/Ker f— G, is the continuous monomorphism induced by f. Since
f=gm where = is continuous, and f is a proper homomorphism, g is a proper
monomorphism.

Now, as is known (see [2]), the dual ™ of the proper epimorphism = is a proper
monomorphism; and the dual g™ of the proper monomorphism g is a proper
epimorphism. So f~=="g” and is therefore an open map followed by an open
map onto its range.

DEFINITION. A sequence

@S- G, G Giog—> -

where each G, is in .£ and each f, is a continuous homomorphism is called a complex
if i(G;) <Ker f, ., for all i. The sequence is called exact if for each i, fi(G,)=Ker f, , ;.
A complex or an exact sequence is called proper if each f; is a proper homomor-
phism. Note that if the G, are compactly generated then an exact sequence is
automatically proper exact by the Open Mapping Theorem.

THEOREM 2.1. If the sequence

I fi+1

(S) G, G¢+1 G£+2

is proper exact then its dual

S o
~ ~ A
Gl+2 Gi +1 7 G{

is also proper exact. In particular, the dual of a short proper exact sequence
0 — G, - G, — G5 — 0 is short proper exact.
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Proof. By Proposition 2.2, f;~ is a proper homomorphism and
Ker £~ = (Gi31, f(G).

But (G731, f(G))=(G7},, Ker f;.,) since f(G;)=Ker f;,,. Proposition 2.2 implies
that (G731, Ker fi,1)=£31(G{%2). Thus Ker fi” =£31(G% ).

REMARK. It is clear that the dual of a complex is a complex and that of a proper
complex is a proper complex.

PROPOSITION 2.3. Let G be in & and H, and H, closed subgroups of G with
H, < Hj. Then (H7, H,)=(G™, H))/(G™, Hy).

Proof. Consider the short proper exact sequence
0— H,/H, - G|H,— G|H,—0.
As is known (see [2]), the dual sequence is
0—(G™, Hy) — (G™, H,) - (Hy, H))—~>0
and is proper exact by Theorem 2.1.
THEOREM 2.2. Let the sequence (S) be a proper complex and

o S
) ) Zay
G; G Giiz

be its dual. Denote by H* the ith cohomology group of the former sequence and H;
the ith homology group of the latter. Then H' and H, are in £ and H'=H .

Proof. The fact that both complexes are proper implies that H* and H, are in &£
by Proposition 2.2. The proof will be complete if we can show that for each i,
(H**Y)=H,,.,. By Proposition 2.2, Ker f"=(G{}1, fi(G)) and f3.(Gi}2)
=(G7s1, Ker fi,,). Hence Ker £/ f31(G732) = (G 1, fU(G))/(Gi 1, Ker fi41). How-
ever, the latter term is isomorphic with Ker (£77 1, fi(G;)) which as is known (see [2])
is isomorphic with (Ker f; . ./f(G))".

Next we investigate the structure of the class of groups without small subgroups.

DEFINITION. A group G in £ has no small subgroupsiif there exists a neighborhood
U of 0 which does not contain any nontrivial subgroups.

PROPOSITION 2.4. A locally compact group without small subgroups has a countable
fundamental system of neighborhoods of (0).

Proof. Let U, be a compact symmetric neighborhood of (0) containing no
nontrivial subgroups of G. Construct a sequence Uy, U, . . . of compact symmetric
neighborhoods of (0) such that 2U,< U; _, for all i>0. Then (2, U, is evidently
a subgroup of G contained in U,. Hence ()2, U;=(0). Now let U be any neighbor-
hood of (0) in G. U contains an open neighborhood U’ of (0) such that U’ < U,.
Consider the family of closed subsets U; N U’ of the compact space U, N U’
where U’ is the complement of U’ in G. The intersection of any finite subfamily
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of these is again a U; N U, and the intersection of all of these is empty. Hence
there exists an i so that U; N U’'= g, so that U;<U’<U. Therefore, the U,’s
are a countable fundamental system of neighborhoods of (0)(?).

DEFINITION. A test neighborhood(®) of a group G in % is a neighborhood Ty
of (0) in G such that for each neighborhood I of (0) in G there is an integer k(I")
which has the property that for every x in G, if x, 2x, ..., k(I")x € Ty, then x e T.

THEOREM 2.3. A group G has a test neighborhood if and only if it has no small
subgroups.

Proof. Suppose G is a locally compact abelian group without small subgroups.
Let I'y be a compact symmetric neighborhood of (0) which contains no subgroups,
and I' be any neighborhood of (0) in G. By looking at I' N 'y, we may assume that
I'=Ty. If there is no integer k(") with the above property, then for each integer
k there is an x(k) in G such that x(k), 2x(k), ..., kx(k) € Ty, but x(k) ¢ T'. Ty is
compact, and by Proposition 2.4, G obeys the first axiom of countability. Hence
there exists a subsequence x(k;) —; y, where y € I'y. Let j be any fixed positive
integer. Choose i so that k;>j. Then jx(k;) € ['x. But jx(k;) —; jy € Tx. Since Iy
is symmetric, it contains the subgroup generated by y. Thus y=0. Since x(k;) —; 0,
there exists an i after which x(k;) € I". This contradicts the assumption.

Conversely, let I'y be a test neighborhood of (0). Suppose I'y contains a subgroup
H. Let x € H. Then x belongs to every neighborhood of (0), so that x=0. Thus I'y
contains no nontrivial subgroups.

PROPOSITION 2.5. Let G be in &, and let H be a closed subgroup of G.
(1) If G has no small subgroups, then H has no small subgroups.
(2) If H is open and has no small subgroups, then G has no small subgroups.

PROPOSITION 2.6. Let G=G, D G, @ - - - @ G,. G has no small subgroups if and
only if G; has no small subgroups for i=1, ..., n.

The proofs of Propositions 2.5 and 2.6 are clear.

THEOREM 2.4. Let G be in L. Then G has no small subgroups if and only if
G2 R" @ T™ @ D where R" is an n-dimensional vector group, T™ is an m-dimensional
torus, and D is a discrete group.

Proof. In any case, the general structure theorem for groups in &£ (see [1])
yields G=R" @ H where H contains a compact open subgroup C. Now suppose
that G has no small subgroups. Then by Propositions 2.6 and 2.5, C has no small sub-
groups. Because the characters separate the points of C, and C is compact without
small subgroups, C is isomorphic to a closed subgroup of T, a finite-dimensional

(?) This proof is modeled after one of Yamabe’s.
(®) The existence of a test neighborhood in T was utilized by A. Weil in [1].
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torus. This means that C™ is a quotient group of Z* and is therefore finitely
generated. Hence C~~Z™ @ F where F is a finite group. Thus C>7T™ @ F. Now
H|T™|C|T"~H|C. But since C/T™ is finite, and H/C is discrete, it follows
that H/T™ is discrete, that is, 7™ is open in H. Since T™ is divisible, it is a direct
summand. So H=T"@® D where D~ H|T™, a discrete group. Therefore,
GR"®T"® D.

Conversely, since R, T, and D clearly have no small subgroups, Proposition 2.6
implies that a group of the form R* @ T™ @ D has no small subgroups. This
completes the proof. An immediate consequence is

COROLLARY 1. If G has no small subgroups then G, is openin G,and G, = R* ® T™.
Furthermore, n, m, and D form a complete set of invariants for G.

COROLLARY 2. The following conditions are equivalent.
(1) G is compact without small subgroups.

(2) G~ F @ T™ where F is a finite group.

(3) G” is discrete and finitely generated.

Proof. (1) and (2) are equivalent since if G has no small subgroups and is com-
pact, then n=0 and D is finite, and conversely, (2) and (3) are equivalent by the
Fundamental Theorem of Abelian Groups applied to G™.

Now we consider the class of compactly generated groups. The structure of
these groups can be derived from Theorem 2.1 together with the general structure
theorem and the fact that toral subgroups are direct summands (see 2). However,
we make use of Theorem 2.4 which, in addition, yields the fact that they are dual
to the class of groups without small subgroups.

THEOREM 2.5. Let G be in £. Then G is compactly generated if and only if
G2 R" @ Z™ @ C where n and m are integers and C is a compact group.

Proof. Suppose G is compactly generated. Let U be a compact neighborhood
of (0), which generates G. Let I'y be a neighborhood of (0) in T which contains
no nontrivial subgroups. Denote by W(U, I'y) the neighborhood of (0) in G™
made up of the characters ¢ of G which take U into I'x. W(U, I'y) contains no
nontrivial subgroups. Assume né e W(U, T'y) for all integers n. Then £(nU)
=(n&(U)<Ty for all n, and so &(Ur-1 nU)=E(G)<Ty. &G) is evidently a
subgroup of I'y. Hence ¢=0. Thus, if G is compactly generated then G™ has no
small subgroups and is therefore isomorphic to R* @ IT™ @ D, by Theorem 2.4.
Hence, GZR"DZ™ D G.

Conversely, a group G of the form R* @ Z™ @ C where C is compact, is
evidently compactly generated. It is clear that n, m, and C are invariants and
hence a complete set of invariants. C is characterized by the fact that it contains
every compact subgroup of G. C is called the maximum compact subgroup of G.

COROLLARY 1. G is compactly generated if and only if G~ has no small subgroups.
This follows immediately from Theorems 2.4 and 2.5.
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COROLLARY 2. A compactly generated group G has no nontrivial compact sub-
groups if and only if G™ is connected. G is connected if and only if G™ is torsion free.

THEOREM 2.6. Let G be in £ and H be a closed subgroup. Then
(1) G has no small subgroups if and only if H and G |H have no small subgroups;
(2) G is compactly generated if and only if H and G [H are compactly generated.

Proof. It suffices to prove (1) since (2) follows by dualization. Suppose that
H and G/H have no small subgroups. Then there exists a neighborhood U of (0)
in G such that U N H contains no nontrivial subgroups, and also =(U) contains
no nontrivial subgroups, where = is the canonical epimorphism G — G/H. Now
let L be a subgroup of G, and suppose L= U. Then n(L)<=m(U), and therefore
L<H. Since L<U N H, we know L=(0).

Conversely, suppose G has no small subgroups. By Proposition 2.5, H has no
small subgroups. We show that G/H has no small subgroups. First we observe
that it is sufficient to show that G,+ H/H has no small subgroups. In fact, as we
noted in Theorem 2.4, Corollary 1, G, and hence, Go+ H, is open in G. Now,
G|H|Go,+ H|H=~G|G,+ H, which is discrete, and hence has no small subgroups.
It then follows from the part of the theorem already proven that G/H has no
small subgroups.

Because G, is open, Go+ H|H=~G,/G, N H. Thus it is sufficient to prove the
theorem in the case that G is connected, so that G R* @ T™.

Consider the simply connected covering group V of G with ¢ the covering
map. Let = be the canonical map of G onto G/H. ¢ ~(H) is a closed subgroup of V.
Since ¢ and = are continuous open epimorphisms, so is w$. Therefore,
G[H=~V|[Ker n¢ which clearly has no small subgroups.

We give an application of our methods in proving the following known approxi-
mation theorem.

THEOREM 2.7. Let G be in £ and U be a neighborhood of 0 in G. Then there exists
a compact subgroup H of G, so that H<= U and G |H has no small subgroups; that is,
any group in ¥ is a projective limit of groups without small subgroups.

Proof. By taking U sufficiently small and identifying G with G we may
assume U= W(V, I') where V is a compact symmetric neighborhood of 0 in G™,
and T is a neighborhood of 0 in T. Let L=|J;_, nV. Then

0—->L—>G" -G /L0

is a short proper exact sequence, where L is compactly generated and G™/L
is discrete. By Theorem 2.1, the dual sequence is the short proper exact sequence
0—(G"/L)" -G —L" —0.Let H=(G"/L)". Then H is compact and G/H>L",
which, by Corollary 1 of Theorem 2.5, has no small subgroups, since L is compactly
generated. If ¢ is a character of G™/L, then £ € G™" =G, and £(L)=(0), so that
&WV)=(0)<T. Hence £ € U. Thus H< U.
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Let G and H be in £. We denote by Hom (G, H) the set of continuous homo-
morphisms from G to H; by > f~(H") the subgroup of G™ generated by f~(H")
for fe Hom (G, H); and by (") Ker f the intersection of Ker f for f € Hom (G, H).

THEOREM 2.8. Let G and H be in £. Then Hom (G, H) separates the points of
G if and only if 3 f~(H") is dense in G™.

Proof. Hom (G, H) separates points of G if and only if (") Ker f=(0), that is, if
and only if (G™, (M) Ker f)=(G™, (0))=G". But (G™, (" Ker f)=C (G™, Ker f))~
(see [2]). Hence Hom (G, H) separates the points of G if and only if > (G™, Ker f)
is dense in G™. However, (G™, Ker /)=(f"(H")) ", by Proposition 2.1. The result
follows if we can show that if > (f"(H"))~ is dense in G™, then > f~(H") is
dense in G™. Now let ¢ € G™ and U be a neighborhood of 0 in G™. Choose U,
so that 2U, < U. There exists &,, ..., £, sothat § e [ (H™)~ and (3F-, &)— €€ U,.
Let U, be a neighborhood of 0 in G satisfying nU,< U, and choose », € H™
so that () —é;€ Uy, i=1,...,n. Then >, f{ () — € €2U,<U.

CoroLLARY. Hom (G, R) separates points of G if and only if the set of points
of G™ lying on one-parameter subgroups is dense in G™.

Proof. In particular, if we take H=R, then R=R". It follows that > f~(R")
equals the subgroup of G™ generated by the points which lie on one-parameter
subgroups. Now, for any abelian topological group 4,

> {f(R) : feHom (R, A)} = U {f(R) : fe Hom (R, 4)}.

For suppose x=>}-, x;, where x; € fi(R); that is x;=f(¢;). We can assume x;#0
for all i. Choose a new parametrization, say g; of f; so that x;=g,(1). Then
g(t)=2>7-, git) is a one-parameter subgroup of 4, and g(1)=x.

We now study dual properties of compactly generated groups and groups
without small subgroups, which generalize the usual facts about compact-discrete
duality.

THEOREM 2.9. Let G be a compactly generated group in £ and G™ be its character
group. Then (1) G is torsion free if and only if G™ is divisible. (2) G is divisible if and
only if G is torsion free.

Proof. For each positive integer n, we define f,,: G — G by f,(x)=nx. Clearly,
f» is a continuous homomorphism. By Theorem 2.5, GR* @ T™ @ C, and
evidently f, operates componentwise. Now f,(R¥)=R¥, since vector groups are
divisible. f,(Z™) is closed in Z™ since Z™ is discrete; finally f,(C) is compact
since f; is continuous. The product of closed sets is closed in the product topology;
hence f(G)=f(R*) ®f(Z™ @ fo(C) is closed in G, and is therefore locally
compact. The Open Mapping Theorem guarantees that f,, is proper. By Proposition
2.2, f7 is proper, and £, (G™)=(G", Ker f;). One computes easily that f, (§)=n¢
for £ € G. Hence (G, Ker f,;)=nG". Now n(G™)=G" if and only if Ker f,=(0).
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Thus G™ is divisible if and only if G is torsion free. Part 2 of this theorem follows
in a similar way from n(G)=(G, Ker f;").

COROLLARY. Let G be a connected group in & and H a closed pure subgroup of G.
Then H is connected.

Proof. By Corollary 2 of Theorem 2.5, G™ is torsion free. Hence by Theorem 2.9,
G is divisible. Now by definition, see [3], nH=H N nG=H for each integer n.
Thus H is divisible. Since H is compactly generated, by Theorem 2.6, it follows
from Theorem 2.9 that H™ is torsion free and hence from Corollary 2 of Theorem
2.5 that H is connected.

I11. Projectives and injectives.

DEerFINITION. [ is an injective of % if I is in %, and for all short proper exact
sequences and continuous homomorphisms g: G; — I there is a continuous
homomorphism g~ : G, — I so that g~ f, =g.

0—> G,—L>6,-E>6,—>0

& /’g -
¥

1

P is a projective if P is in %, and for all short proper exact sequences and con-
tinuous homomorphisms g: P— G; there is a continuous homomorphism
g 1 P— Gy sothat fog~ =g.

0-_)G|f—l> GZL) G3—> O
L3
e, Jz
‘P

THEOREM 3.1. [ is injective if and only if I" is projective.

Proof. Suppose we are given

0o—> G,—f‘—>Gz i>Gs —>0
g
I/\
We dualize.
0—>G; AN Gs—f‘—>Gf——’0
,/
3\4 v
I/\/\
is exact.

Since 1™ is injective there is a continuous homomorphism A: G5 — I™" such
that hf;"=g". Thus g=f,h". So h™ is the required lift of g. The converse is proven
similarly.
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PROPOSITION 3.1. If {I, : a € A} is a family of injectives of L, such that [Jses I,
is in £ then [ loeq I, is an injective of £.

PRrOPOSITION 3.2. Conversely, if I=]1,c4 I, and is injective, then I, is injective
for all ae A.

Propositions 3.1 and 3.2 follow immediately from the definitions.
PrOPOSITION 3.3. If I is injective for £ then I is connected.

Proof. Consider the proper exact sequence 0 —~Z—>R—>T—0. Let yel.
Define a continuous homomorphism f: Z — I by f(n)=ny. Since I is injective,
f extends to f~: R— I. Now f~(R) is connected and hence is contained in I,.
In particular y € I,. Thus I<I,. In fact, each point of I lies on a 1 parameter

subgroup.

PRrOPOSITION 3.4. If I is in £ and is injective for the class of compactly generated
groups, then I is injective for £ .

Proof. By considering the class of extensions 0 —nZ —Z — Z, — 0 whose
groups are compactly generated, we conclude that 7 is divisible. Let G be in 2,
H be a closed subgroup of G, and f: H — I be a continuous homomorphism. We
show f extends to a continuous homomorphism G — I. G has an open, compactly
generated subgroup, say L. By assumption, f|.~x extends to a continuous homo-
morphism f; : L — I. Let f;, be the homomorphism of the external direct sum L @ H
into I, defined by f5((/, b)) =/f1(I) +f(h). The kernel of the canonical epimorphism
of L @ H onto the subgroup L+ H of G consists of the elements (x, —x) with x
in L N H. Evidently these elements lie in the kernel of f,. Hence f; induces a homo-
morphism f; of L+ H into I such that f3(I+h)=f,(!) +f(h). Moreover, f; extends f,
since f'is a homomorphism. Since L is open and f; is continuous on L, f5 is continu-
ous, because any homomorphic extension of a continuous homomorphism defined
on an open subgroup is itself continuous. Since I is divisible and L+ H is open,
/s extends to a continuous homomorphism f,: G — I, and evidently f, extends f.

THEOREM 3.2. The following conditions on the locally compact abelian group I

are equivalent.

(1) I is injective for the class of compactly generated groups,

(2) I is injective for 2,

(3) Iz R* ® T, the direct product of a vector group and a (possibly infinite-
dimensional) torus(*).

Proof. If I is injective, then by Proposition 3.3, I=R" @ C where C is compact

and connected. As a direct summand, C is also injective, by Proposition 3.2.
Hence, C™ is a discrete projective of %, and is therefore a projective of 2, the

(%) It was recently pointed out to me by Professor G. P. Hochschild that the fact that R
is injective was proven by J. Dixmier [7], for a different purpose.
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category of discrete abelian groups. As a projective of 2, C™ is a free abelian
group, i.e., a direct sum of copies of Z. Hence C is a direct product of copies of T.

Conversely, R* @ T is injective for .Z. In fact, by Proposition 3.1, it is sufficient
to prove that R and T are injective. As is known (see [2]) T is injective for Z.
We now show that R is injective for Z. It is sufficient to show that R is injective
for the class of compactly generated groups. Let G, be compactly generated and let
G, be a closed subgroup of G,. Since G, is compactly generated by Theorem 2.6,
Theorem 2.5 shows that G,~ W; @ C; where W, is the direct sum of a vector
group and a discrete finitely generated free abelian group, and C; is a compact
group for i=1, 2. Since W, admits a topological embedding as a closed subgroup
of a vector group, it follows that W, has no nontrivial compact subgroups because
vector groups have this property. Let =: G, — W, be the canonical epimorphism
with kernel C,. Let «: W, — W, be the restriction of = to W,;. Then Ker «
=W,; N C,=(0) so that « is a continuous monomorphism. Since C, is compact,
m is a closed map (see [1]). Now W, is a closed subgroup of G,, which is a closed
subgroup of G,. Hence n(W,) is closed in W, and therefore is locally compact.
Since W, is compactly generated, « is a proper monomorphism, by the Open
Mapping Theorem. In addition, since C, is the maximum compact subgroup of
G,, it follows that C, < C,.

Now let fe Hom (G;, R), and write 4 for =(W,). Clearly, f(C,)=(0). Since
a~1: A— W, is a topological group isomorphism, it follows that

(flw,) e «™* € Hom (4, R).

Suppose there exists g€ Hom (W,, R) so that g|,=(f|w,)°«~*. Then define
f7:Ga—R by f(x+y)=g(x) where xe W, and ye C, Evidently
f~ €eHom (G, R). If s+1t€ G, where se W, and 1 € C,, then f(s+1)=f(s)+f(¢)
=£{(s), since f(C;)=(0). But g(«(s)) =f(s), by the choice of g. Hence f(s +t) = g(o(s)).
On the other hand, f~(s+¢)=f"(s)+f ~(¢) =f(s), since, clearly, f ~(C,)=(0). Now
s=x+y, where x € W, and y € C,. Therefore f~(s) =g(x), by the definition of f~.
But x=a(s). So f~(s) =g(«(s)). Therefore f~(s+1)=g((s))=f(s+1¢) and f~ |, =f.

Thus we have reduced the problem to showing that if W, is a subgroup of W,
(W, as above), and fe€ Hom (W), R) then there exists g € Hom (W,, R) so that
glw, =f. Since one can embed W, as a closed subgroup of a vector group, say V,
if f can be extended to g € Hom (¥, R), then g|y, will be the desired extension of f.
Thus we may assume that W, is a vector group. We have W, =V, @ Z™, where
V, is a vector group. Let {x;,..., x,} be a basis of V', as a vector space, and
{¥15..., y} a basis of Z™ as a finitely generated free abelian group. Clearly
{x1, ... Xn, 1, - .-, Y} are linearly independent in ¥ and can be extended to a
basis of V, say {X1, ..., Xn, Y1y -« s Vies Z1s - - - Zg} If

k j
X = i ax;+ Z biyi+ Z CiZ;
i=1 i=1 i=1
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is in ¥, let g be the linear (and hence continuous) functional defined by

gx) = Zl a,f(x)+ 121 bif ().

Since f is a continuous homomorphism on ¥, f is linear on ¥, and therefore g
extends f. This completes the proof that R is injective. We have shown that (2)
and (3) are equivalent. Proposition 3.4 completes the proof of Theorem 3.2.

COROLLARY 1. Let G be in & and H be a closed subgroup of G. Any one-parameter
subgroup f of G|H lifts to a one-parameter subgroup f~ of G.

Proof. This follows directly from Theorem 3.2 and Theorem 3.1. The above
corollary and our previous results yield an easy proof of the following known
result.

COROLLARY 2. Let G be in Z. G is connected if and only if the set of points of G
which lie on one-parameter subgroups is dense in G.

Proof. Suppose that G is connected. Let U be any neighborhoood of 0 and let
x € G. By Theorem 2.7, choose a compact subgroup H of G so that Hc U and G/H
has no small subgroups. Denote the canonical epimorphism G — G/H by =.
G|H is connected and therefore is of the form R" @ T™. Clearly, each point of
G/H lies on a one-parameter subgroup. Hence there is an fe Hom (R, G/H)
with the property that f(1)==(x). By Corollary 1 of Theorem 3.2, f lifts to
f~€eHom (R, G): that is, =nf~=f Hence, =nf (1)=f(1)=n(x), so that
f~(1)—x € Hc=U. Thus, the set of points of G that lie on one-parameter subgroups
is dense in G. The converse is clear.

COROLLARY 3. Let G be a locally compact abelian group. Hom (G, R) separates
the points of G if and only if G is connected, i.e., if and only if G=V @ D, where
V is a vector group and D is a torsion-free discrete group.

Proof. This follows directly from Corollary 2 of Theorem 3.2 and the Corollary
to Theorem 2.8.

THEOREM 3.3. The following conditions on a locally compact abelian group P are
equivalent.

(1) P is projective for the class of groups without small subgroups.

(2) P is projective for £.

(B) PR @ 3, Z, the direct product of a vector group and a discrete free abelian
group.

Proof. Theorem 3.3 is dual to Theorem 3.2.

COROLLARY 1. If G is a projective of & and H is a closed subgroup of G, then H
is a projective of Z.
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Proof. By Theorem 3.3, it is sufficient to show H is isomorphic to the direct
product of a vector group and a discrete free abelian group. From Theorem 3.3
we know that G=V @ D, where V is a vector group and D is a discrete free abelian
group. Then Hy=G,=V, so H, is a closed connected subgroup of V. This implies
that H, is itself a vector group and hence an injective for Z, so that H, is a direct
factor of H; H~ H, ® H|[H,. We may therefore assume, for the purpose of proving
the corollary, that H,=(0). Now G has no small subgroups. Hence, by Theorem
2.6, H has no small subgroups. By Corollary 1 of Theorem 2.4, H, is open in H.
Hence H is discrete. Let = be the canonical epimorphism G — D with kernel V.
Then Ker (7|5)=H N V, a discrete subgroup of a vector group, which is therefore
free. Moreover, m|y induces a monomorphism H/HN V — D. Hence HHNV
is isomorphic with a subgroup of a free group and is itself free. Let

y:H>H/HAV

be the canonical epimorphism, and consider id(H/H N V). Since H/HN V' is a
discrete free abelian group it is a projective for Z, so that id(H/H N V) lifts to a
(continuous) homomorphism f: H/HN V — H with the property that
yf=id(H/HN V). Hence Hx(HN V) ® (H/H N V). Since both HN V and
H|H NV are free, H is free.

COROLLARY 2. Dually, proper homomorphic images of injectives are injectives,
and in particular, the image under a continuous homomorphism of a torus is a torus.
(Proper and continuous are equivalent here.)

The following characterization of vector groups illustrates their particular
importance.

COROLLARY 3. A group G is both projective and injective for & if and only if G
is a vector group.

Proof. If G is projective then G~V @ >, Z, the direct product of a vector
group and a discrete free abelian group. Since G is injective it must be connected,
hence G=V a vector group. Conversely a vector group is both projective and
injective.

THEOREM 3.4. G is injective if and only if G, is compactly generated and every
proper short exact sequence beginning with G, splits.

Proof. If G, is injective, then evidently every proper exact sequence

0—)G1—>G2—>Gg—>0
splits and, by Theorem 3.2, G, is compactly generated.
Now assume G is compactly generated, and all short exact sequences beginning

with G split. We have G R @ Z™ @ C, where C is compact. Because the
characters of C separate points, C can be embedded in 779, via

f1
0— C—>T°9,
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say. Since f; is a continuous monomorphism and C is compact, f; is proper. If we
denote by f, the canonical epimorphism of T°® — T@/f,(C), then

0—> C 25 100 2 7@y 1(0) —> 0

js a proper short exact sequence. By Corollary 2 of the previous theorem,
T°9f{(C)~T"®, a torus. Since 0 -Z™— R"—T™—0 is a proper short
exact sequence beginning with Z™, and 0 — R" — R"— 0 — 0 is a proper short
exact sequence beginning with R", it follows directly that

0_)G_>Rn+m@TU(G)_»Ta'(G)+m__>O

is a proper short exact sequence. This sequence splits, so G is a direct summand of
R**™ @ T°@ which is injective. Hence G is injective by Corollary 2 of Theorem 3.3.

COROLLARY. If G is in # then vector subgroups and toral subgroups of G are
direct summands.

THEOREM 3.5. A group G, is projective if and only if G3 has no small subgroups,
and every proper short exact sequence 0 — G, — G, —> G;— 0 ending with G,
splits.

Proof. Theorem 3.5 is dual to Theorem 3.4.
DeriNITION. For a locally compact abelian group G we say that a sequence of
homomorphisms
e do dy dg
0—G—L—L—L— -
is an injective resolution of G if each I, is injective and the sequence is proper exact.
We say that a sequence of homomorphisms

dz dy do

Py—> Py —>P, > Py —> G —> (0)

is a projective resolution of G if each P, is projective and the sequence is proper
exact.
DEeFINITION. If I,=(0), n=2 or P,=(0), n=2, we call the resolution short.

THEOREM 3.6. (1) G has an injective resolution if and only if G is compactly
generated, and in that case there is a short injective resolution.

(2) G has a projective resolution if and only if G has no small subgroups, and in
that case there is a short projective resolution.

Proof. Let G be compactly generated. In the course of proving Theorem 3.4,
we constructed the proper short exact sequence 0 -G — R**" @ T° - T —0.
This is a short injective reolution.

Conversely, if G € & and has an injective resolution

e do d; dg
0O—G—Lh—L—5L— -,
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then e(G)~G. But ¢(G) is locally compact and therefore a closed subgroup of I,.
Since I, is injective it is compactly generated. Hence e(G), and therefore G, is
compactly generated.

(2) follows from (1) by dualization. The above injective resolution and its dual
are clearly the ones to compute with.

IV. Multilinear functions and tensor products in commutative topological groups.
Let G,,...,G, and G be commutative topological groups. We call a map
w:Ti=1 Gi— G r-linearifforall x;and y,in G, (i=1, ..., r), (X1, . . ., Xi+Viy - - - Xy)
=p(Xgy 0oy Xpy ooy Xp)Fp(Xis . - o5 Viy - . ., X;). We denote by Mg(Gy, ..., G,) the
set of all r linear continuous G valued maps on [ I/-; Gi(®). M¢(G4, . . ., G,) becomes
a commutative group under pointwise addition.

We topologize My(G,, ..., G,) by uniform convergence on compact subsets.
More precisely, for each compact subset F of [ [{-; G;, and for each neighborhood
I’ of 0 in G we define W(F, I') to be the set {u : u € Mg(Gy,..., G,) and u(F)<T}.
It is easily verified that, with this family of sets as a fundamental system of neighbor-
hoods of 0, M(G,, ..., G,) is a topological group.

THeOREM 4.1. (1) If G4, ..., G, are compactly generated and G is compact without
small subgroups, then M(G,, . . ., G,) is locally compact.

Q) If Gy, ..., G, are compact and G is without small subgroups, then
MG,,..., G,) is discrete.

(3) IfG,, ..., G, are discrete and G is compact, then Mg(G, . . ., G,) is compact.

Proof. (1) []i-1 G, is clearly locally compact. The topology on the function
space My(G,,...,G,) is the compact-open topology. In this setting the Ascoli
Theorem states that a subset F of the space of all continuous maps [ [{-; G; — G,
with the compact-open topology, is compact if and only if (a) F is closed, (b) for
each xe[]j-; G, the set {f(x) : f € F} has compact closure in G, and (c) F is
equicontinuous at each point x of [ [{-; G..

For each i=1,..., r let U; be a compact neighborhood of 0 generating G;. We
denote [;-, U; by U. Since G has no small subgroups, it possesses a closed test
neighborhood of 0, say T'y. Thus W(U, I'y) is a neighborhood of 0in M4(G,, . . ., G)).
We show that W(U, I'y) is compact.

Since Ty is a closed neighborhood, it is clear that W(U, I'y) is closed. W(U, I'y)
satisfies condition (b) automatically, since G is compact.

Now we show that W(U, I'y) is equicontinuous at x, where x=(x, ..., X;).
For each i=1,...,r, x;=2;%; x;, where n, is an integer and x; € U.. We denote
max {n; : i=1, ..., r} by n(x). If " is any neighborhood of 0 in G, let I" be a neigh-
borhood of 0 in G with the property that (2'—1)I" <T'. Choose I'” small enough
so that (r— Dn(x)I'" <I", and k(I'") as usual. Finally, for each i=1, ..., r, choose
a neighborhood of 0, V;, in G, with the property that k(I'")V;<U,. Let V(x, I')

(®) We note that for r> 1 continuity at 0 does not guarantee continuity everywhere.
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=[Ti=1 Vi This is a neighborhood of 0 in []]_, G,. We show that u(x+ V(x, I'))
cu(x)+T for every pe W(U, Ty).
For each (vy,...,0,) €V,

pX1+01, - X)) = plXg, .oy X))+ Z +ulv, .- 5 OF).
21 -2
Since (2"— 1)V =T, it is sufficient to show that u(v, . . ., v,) and each of the terms
in >,r_, belong to I for every u € W(U, I'y). First we observe that

wUyx - xVix---xU)<TI”
for each p e W(U, I'y) and each i=1, ..., r, since

jf"(ula‘ <oy Ujy . -,ur) = :u'(ul,° . ~,jvia RS ] ur)e""(U) < P*a

forallj=1,..., k(). In particular, u(V; x - - - x ¥,)<I". Also, for eachg=1, ...,
r—1,
n(x) n(x)
P01, .y Vg Xga1s - o es Xp) = ;1.(1)1, s Ugs lz; Xq+1lgy 127+ » 121 x,,,)
n(x)
= Z, lp.(vl, s Dgy Xqatlyy 1o+ > Xn,) € (r=Dn(x)T" < T”
g+ 1oeeer =

and we may deal similarly with the other terms of >4 _,. This completes the proof
of part 1.

(2) Let I'y be a neighborhood of 0 in G which contains no nontrivial
subgroups. Since [[j-, G, is compact, W([]i-; G;, T'x) is a neighborhood of
0in My(G,,...,G,). Let pe W([T;-; G, I'sx) and suppose that u(x,, ..., x,)#0
for some (x4, . . ., x;) € [ [{=1 Gi. Then u(Gy x {x5} X - - - x{x,}) is a nontrivial homo-
morphic image of G, and is contained in I'y; a contradiction. Thus

W(H Gy r*) - O,

and M(G,, ..., G,) is discrete.

(3) [Ti-1 G is clearly discrete and hence the compact subsets F of [ ], G, are
finite. This means that MG, ..., G,) is a subspace of Gl i 6 with the product
topology. G is compact, so by the Tychonoff Theorem, GITic js also compact.
We show that My(Gy, ..., G,) is closed in GI1i¢, Let {u, : a€ A} be a net in
MG, ..., G,) which converges to a map f: [ ] G; — G. If x; and y, belong to G,,
where i is any integer between 1 and r, then

F’a(xl’- R xi+yi)-- -’xr)_a_>f(x1,' . ~axi+yb"-,xr)’
Ba(X1s o o5 Xy« ooy Xp) —> fx3, 0, Xip 0, X0),

/"’a(xly'-w yla“-’xr)?f(x1a~",yb”',xr),
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by definition of the product ‘opology. Because of the continuity of the group
operation in G and the fact that each p, is r linear, it is clear that f is r linear.
Since [} G; is discrete, f € My(Gy, . . ., G,). This completes the proof.

If r=1 we write Hom (G,, G) for Mi(G,,..., G,). In this case, we observe
that equicontinuity at 0 implies equicontinuity at every point. Let U, be any
compact neighborhood of 0 in G, and I'y as above. We show that W(U,, I'y) is
equicontinuous at 0 and is therefore compact. If I' is any neighborhood of 0,
choose V so that k(I') V< U;. Then for ve Vand he W(Uy,, T'y),

Jh(v) = h(jv) € W(U,) < Ty,
for j=1,..., k(I'). Therefore, h(v) € I. Thus we have the following result.

COROLLARY. If G, is locally compact, and G is compact without small subgroups,
then Hom (G, G) is locally compact.

THEOREM 4.2. Let G, ..., G, be locally compact abelian groups, and G be an
arbitrary abelian topological group. For r>1, My(G,,..., G,) is isomorphic with
Hom (G,, M(G.,, . . ., G,)) as a topological group.

Proof. If S and T are topological spaces we denote the set of all continuous
maps S — T by (S, T). If #(S, T) is regarded as a topological space with the
compact open topology we write #*(S, T) for this. A well known property of the
compact open topologyv is the following: if S and T are locally compact spaces and
X an arbitrary space, then the map 7: A (Sx T, X) — (S, #*(T, X)) defined
by #(f)(s)(t)=f(s, t) for fe #(SxT, X) and (s, t) e Sx T, is a homeomorphism
of A*(SxT, X) onto M*(S, #*(T, X)). Now, Ms(G,,...,G,) and

Hom (G,, My(G,, ..., G,)
are subspaces of A*([ -, G;, G) and A*(G,, M (G, ..., G,)) respectively. The
latter can be identified with a subspace of A*(G,, #*(I1;-2 G, G)). The map =

sends the first homeomorphically onto the second and is evidently a group homo-
morphism.

COROLLARY 1. If G, is compactly generated and G, has no small subgroups, then
Hom (G, G,) is locally compact.

Proof. By Theorem 4.2, My(G,, G;)~Hom (G,, Hom (G, G)). Specializing to
G =T we find that M,(G,, G3)~Hom (G, G,). Since G, has no small subgroups,
G5 is compactly generated and, since T is compact without small subgroups,
Theorem 4.1 applies.

COROLLARY 2. If G, and G, are any locally compact abelian groups then
Hom (G,, G,) is isomorphic with Hom (G7, G7).

Proof. As we have already seen, M(G,, G7)~Hom (G,, G;). Now M(G,, G2)
~ M(G3, G,), and the result follows by applying the same isomorphism with
(G, G7) in the place of (G4, G)).
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The following classes of groups are dual to one another: locally compact groups
are self dual; compactly generated groups are dual to the groups without small
subgroups; discrete finitely generated groups are dual to compact groups without
small subgroups. As a result of these facts, and of Corollary 2, theorems of the
sort considered below can be immediately dualized. For example, we have shown
that

(1) If G is compactly generated and H has no small subgroups then Hom (G, H)
is locally compact.

(2) If G is any locally compact group and H is compact without small subgroups
then Hom (G, H) is locally compact.

Statement (1) is self dual whereas statement (2) dualizes as follows. If G is a
finitely generated discrete group and H is any locally compact group then
Hom (G, H) is locally compact. We show that, in a sense, these are the best
possible results.

THeOREM 4.3. (1') If Hom (G, H) is locally compact for all H without small
subgroups then G is compactly generated.

(2') If Hom (G, H) is locally compact for all H then G is a finitely generated
discrete group.

Dually, (1”) If Hom (G, H) is locally compact for all compactly generated groups
G then H is without small subgroups.

(2") If Hom (G, H) is locally compact for all G then H is compact without small
subgroups.

Proof. It is sufficient to prove (1°) and (2').

(1") We actually prove a stronger result; namely, that if Hom (G, D) is locally
compact for a certain fixed discrete group then G is compactly generated.

For the moment, let D denote an arbitrary discrete group. We may assume that
Hom (G, D) has a compact neighborhood of 0 of the form W(F, I') where F is
a compact subset of G and TI' is a closed neighborhood of 0 in D. Since D is
discrete we may assume I'=(0). By a compactness argument, F is contained in a
compact neighborhood U of 0 in G, which we may assume is symmetric.' W (U, (0))
is a closed neighborhood of 0 in Hom (G, D) which is contained in W(F, (0)).
Hence W(U, (0)) is compact. By the Ascoli Theorem, for each xe€ G,
{f(x) : fe W(U, (0))} has compact closure in D, that is {f(x): f(U)=(0)} is
finite. Let L=|J°., nU. Then L is an open compactly generated subgroup of G.
It is clear that for each x € G, {f(x) : f(L)=(0)} is finite. Now take D to be the
direct sum of infinitely many copies of the additive group of the rationals mod 1.
We show that G=L.

Suppose x € G but x ¢ L. Since D is divisible, the 0-map, L — (0), can be ex-
tended to a homomorphism f: G — D with the property that f(x)#0. Since L is
open in G, f is continuous. Furthermore, because of the choice of D, there are
infinitely many such extensions all differing in value at x. For if mx € L for some
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integer m, any choice of f(x) subject to the condition order (f(x))|m yields an
extension of the sort described above, and there are infinitely many summands.
On the other hand if mx is never in L, f(x) is completely arbitrary. Hence,
{f(®) : f(L)=(0)} is infinite. This contradiction completes the proof of (1’).

(2') If H ranges over all the groups without small subgroups then by (1') G is
compactly generated. Now take H=T7’, any infinite-dimensional torus. We make
use of the evident result that if G is any abelian topological group and {H, : a € 4}
is a family of abelian topological groups, then

Hom (G, I H,,) ~ [] Hom (G, H,).
aed aed

We have therefore, Hom (G, H)~]], Hom (G, T)=]], G~. Thus [], G" is
locally compact. Hence all but a finite number of the factors are compact, so that
G” is compact and G is discrete. Since G is compactly generated and discrete, it is
finitely generated.

DEeFINITION. If Gy, ..., G, is a family of locally compact abelian groups we
define Qi-, G;=Mz (Gy, ..., G)".

Notice that for any locally compact abelian group G since M(Z, G) is naturally
isomorphic with Hom (G, T) by Theorem 4.2, it follows that Z ® G is naturally
isomorphic with G.

THEOREM 4.4. X1 G, is an abelian topological group. If G, ..., G, are com-
pactly generated, compact, or discrete, then X, G, is locally compact, compact, or
discrete, respectively(®).

Proof. This follows directly from Theorem 4.1.
DEerINITION. We define the tensor map ¢: [1i-,1 Gi — Q)i-; G, by

¢(x1’ ] xr)(l") = F’(xla RS ] xr)

forallu € Mi(G,, ..., G,). It is clear that ¢(x,, ..., x,) is a continuous linear map
M(Gy, ..., G)— T, and thus a character of My(G,, ..., G,).

Now let D be the subgroup of X, G, that is generated by ¢(G, x - -- x G,).
Obviously, D is the set of all finite sums of elements of the form ¢(x,, .. ., x,).

THEOREM 4.5. (1) ¢ is a continuous r-linear map.
2 If M(G,,...,G,) is locally compact(") then D is dense in Q. G;. In
particular, if the G, are discrete then D=, G,.

Proof. ¢ is r-linear, because each of the p € M(G,, ..., G,) is r-linear. To show
¢ is continuous at x it is sufficient to take a neighborhood ¢(x)+ W(F, T) of ¢(x)

(°) Actually, in §V we shall see that if G,. .., G, are compactly generated then ®].; G,
is also compactly generated.

(") Whenever we make the convenient hypothesis that Mr(G,,..., G,) is locally compact
we really have in mind more accessible conditions; namely, that either the G, are compactly
generated (Theorem 4.1, Part 1) or they are discrete (Theorem 4.1, Part 3).
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with F a compact subset of M(G, ..., G,) and I" a neighborhood of 0 in 7, and
find a neighborhood U(F, I') of x in [ [{.; G so that $(U) =¢(x)+ W(F, I), that
is, w(U)<u(x)+T for all u € F. Thus the continuity of ¢ at x is equivalent to the
equicontinuity of F at x. However, since F is compact, the Ascoli Theorem guaran-
tees that F is equicontinuous at every point. Thus ¢ is continuous.

It is clear that p™"(¢(xy, ..., X)) =d(Xy, ..., X)()=p(xy, ..., x,). Hence if
«~" annihilates §(J T} G,) then n=0, and so ™" is 0 because ™" is an isomor-
phism ML(G,, ..., G,)— MG, ..., G,)"". Consequently the annihilator of D
in M(G,,...,G)"" is (0). Since M (G,,...,G,) is a locally compact abelian
group, the result follows.

The following lemma is a known fact about the compact open topology.

LEMMA. If T is a locally compact space, then the composition map

M¥T, X)x M*(S, T) — M*(S, X)
is continuous.

Now let G and H be in Z. It follows from the above lemma that the composition
map Hom (G, H) x MG, ..., G,) - My(G,, . . ., G,) is continuous. In particular
for each p in My(G,,..., G,), we define the map p,: G~ — MGy, ..., G,) by
p(§)=¢€ o pfor ¢ € G™. Clearly, p, is a continuous homomorphism. Furthermore,
it follows from the definitions of the maps involved that for each p in M(G,, . . ., G,)
we have p;” o ¢ =wg o u, where w is the natural isomorphism of G onto G™".

THEOREM 4.6. Let G and G4, ..., G, be in £. To each p€ MGy, .. ., G,) there
corresponds a x, € Hom (R G, G) satisfying x,¢=p. If M(Gy, . . ., G,) is locally
compact, then the condition x,¢=u characterizes x, uniquely.

Proof. Define y, =w¢ 'p, where wg and p, are as above. Then y, is a continuous
homomorphism )i, G; — G, since wz* and p;” are continuous homomorphisms.
Thus x, € Hom (), Gi, G). Moreover, we have x,¢=wg'p;¢=ws ‘wepu=p.

If £, is another continuous homomorphism satisfying f,¢ =g, then, by linearity,
fulp=xulp- Since f, and x, are both continuous and D is dense, it follows that
fu=x.. This completes the proof.

Denote by &/ the category of all abelian topological groups. We define two
functors F, 4 : &£ — o by F(G)=MyGy, ..., G,), 9(G)=Hom(XR)j-, G, G).
If G and H are in % and h is a continuous homomorphism then we define
F(h)(w)=ho pforpe Mi(Gy, ..., G,)and 4(h)(f)=ho f,for f e Hom (Rji-, G;, G).
It is clear that & and ¢ are additive covariant functors.

THEOREM 4.7. If M(G,, .. ., G,) is locally compact then the functors & and 4
are isomorphic.

Proof. We denote the map p — x, defined above by

X MG(GI’ ey Gr) — Hom (@. Gi’ G).
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If fe Hom (X)i-1 G;, G) then fo e My(Gy, ..., G,). Since f and y,., are con-
tinuous homomorphisms that coincide on D, we have f=yx,.,. On the other
hand, if x, =, then y,¢=x,4, i.e., u=v. Thus y is a bijection.

We denote by p the map p — p,. Thus

p: Mg(Gy, . . ., G;) = Hom (G™, Mr(Gy, .. ., Gy)).

One checks easily that p is a continuous homomorphism.
Now consider the dualization map

X: Hom (G, My(G, . . ., G,))— Hom (@1 G, G)

defined by AM(h)=wg *h"™, for h € Hom (G™, M(G,, . . ., G,)), where wg is the natural
isomorphism of G— G~". By Corollary 2, Theorem 4.2, the dualization map
Hom (4, B) - Hom (B™, A4™) is continuous. Hence A is continuous. As is easily
seen, x = Ap, so that y is a continuous homomorphism. If W (F, I') is a neighborhood
of 0 in My(G,, ..., G,), since the tensor map ¢ is continuous, ¢(F) is compact.
Hence W(¢(F), T') is a neighborhood of 0 in Hom ()., G,, G) which is con-
tained in x(W(F, I)). Thus x is an open map. We have shown that  is a topological
group isomorphism.

If h is a continuous homomorphism 4: G — H we show that the following
diagram is commutative:

F(G) > %(G)
lf h) lgm)

F(H) 2> 9(H)

First, for each pe My(G,, ..., G,) and de D, it is clear that y,.,(d)=h(x.(d)).
Since D is dense and xy., and 4 oy, are continuous, it follows that y,.,=h o y,.
Hence x# (h)() =xn..=h o x,=F(h)x,. Thus xF(h)=%(h)x. This completes the
proof.

COROLLARY 1. If M(G,, ..., G,) is locally compact the property of equivalence
of r-linear maps and linear maps characterizes ., G; up to natural topological
group isomorphisms. In particular, if all the G, are discrete then R);, G, is the usual
tensor product for abstract abelian groups.

CoroLLARY 2. If G, G,, G, and My(G,, G;) are locally compact then
Hom (G, ® G,, G) is isomorphic with Hom (G,, Hom (G,, G)).

This follows directly from Theorems 4.7 and 4.2.

THEOREM 4.8. Let G and G,, . . ., G, be abelian topological groups, and let H and
H,, ..., H, be subgroups of the respective G’s. Denote the natural epimorphisms
G—>G[H by =, and [1i-1 G.—I1i-, Gi/H; by f. Suppose pe My(G,,...,G,),
and w(Gyx -+ xHyx --- xG,)<H for i=1,...,r. Then there exists a unique
v € Mgy(Gy/Hy, . . ., G,[H,) with the property that mu=yf.
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Proof. It is easy to see that for (x;,...,x,) and (yy, ..., y) € [[i=1 G,

’
pxss - X) =@ (Y1y o5 Pr) = Z BV1s - Viets Xi= Yo Xiv1s - -5 Xy)-
=1

Hence if x,+ H;=y;+ H, for i=1, ..., r, then

B(Vis v oy Vic1s Xi= Y1, Xis15- -, X)) EH

for each i, and therefore >7_; u(¥1,..., Yi-1, Xi—Vis Xi+1, ..., X;) € H, that is,
w(xyy ..., x)+H=p(y1, ..., y)+H. Thus the equation mu=vf yields a well
defined v. Because p is r-linear, v is also r-linear. Since = and p are continuous and
fis open, it follows that v is continuous. Clearly v is unique.

COROLLARY. In particular, if w(Gyx --- x Hyx --- x G,)=(0) for all i then there
is a unique ve M(G,/H,, . . ., G,/H,) such that vf=p.

DEFINITION. Let G, ..., G, be in £ and for each i let H; be a closed subgroup
of G;. Denote by [H,, ..., H,] the closure of the subgroup of X)i_, G; generated
by {#(x1,..., x,) : x;€ H; for some i=1,...,r}, where ¢ is the tensor map on

[li-1 G

TuEOREM 4.9. If Gy,..., G, are compactly generated then X)..(Gi/H)) is
isomorphic with K., G//[H,, . .., H,].

Proof. Since ¢(G,x --- xH;x -+ xG,)<[H,,..., H]fori=1,...,rand ¢is
a continuous r-linear map, Theorem 4.8 shows that there is a continuous r-linear
map v: [[i-; Gi/H, > X1 Gi/[H,, . . ., H,] with the property that =¢=yf where
[i[Ti=1 Gi—TTi-1 Gi/H, and 7: Qi-; Gi — X1 Gi/[H,, . . ., H,] are the canoni-
cal epimorphisms. Let ¢’ be the tensor map on []i-; G;/H;. By Theorem 4.6 there
exists a continuous linear map y,: X, G/H, — Qi1 Gi/[H,, . . ., H,] satisfying
xv$' =v. Similarly, since ¢'f is continuous r-linear there is a continuous linear map
¢: Ri-1 Gy —Xi-1 G/H, with the property that ép=¢'f so that x,ép=x,4f
=yf=n¢. Since M(G, . . ., G,) is locally compact, by Theorem 4.1, it follows from
Theorem 4.6 that x,é=m. Because ¢ is continuous and = is open, y, is open.
Since = is surjective, so is y,. It remains to show that x, is a monomorphism.

Let >, ¢(x7, ..., x") e X)i-, G; where for each j one of the x{” € H, for some
i=1,...,r. Then

g(g P, ..., xﬁ”)) = ; (xS, ..., xP) = ; FLGP, ..y xP) = ; 0=0

since for each j, ¢'f(x{,..., x?)=4¢(...,0,...) and ¢’ is r-linear. Since ¢ is
continuous it follows that ¢[H,, ..., H,]=(0). Hence there is a continuous linear
map ¢ : Q-1 G/[Hy, . . ., H] —Q)i-1 Gi/H, satisfying {-7=¢, so that £y,
=§¢-nd=¢p. Hence € x,é=¢ by Theorem 4.6, and therefore £y, is the identity
on £(&i-1G). Now, &i-1G)>¢d([Ti-1 G)=¢f([Ti-1 G)=¢'([Ti-1 Gi/H)



1967] HOMOLOGICAL ALGEBRA IN ABELIAN GROUPS 383

since f is surjective. Consequently £()j-, G;) contains the subgroup D’ of
-1 Gi/H, generated by ¢'([T;=; Gi/H,). Since G,/H, is compactly generated, by
Theorem 2.6, M(G,/H,, ..., G,/H,) is locally compact, by Theorem 4.1, and
hence D’ is dense, by Theorem 4.5. Thus £(X)i-, G)) is dense. Since ¢y, is the
identity on a dense subgroup it equals the identity everywhere, and therefore , is
a monomorphism. This completes the proof.

COROLLARY. Under the hypothesis of Theorem 4.9, if the H, are all open then
[Hy, ..., H,] is open.

Proof. If the H, are open then each G,/H, is discrete and hence Q). Gi/H, is
discrete. By Theorem 4.9, &i., Gi/[H:, ..., H]=X)i-1 G/H, Therefore,
[Hy, ..., H,] is open.

PROPOSITION 4.1. Let G be compactly generated, D discrete and R the additive
group of real numbers. Then Hom (G, R)~R**"™ and Hom (G, D)~ D"
@ Hom (C, D) where G=R" @ Z™ @ C is the canonical representation of G in
terms of its maximum compact subgroup C.

Proof. By Corollary 2 of Theorem 4.2, Hom (G, R)~Hom (R™, G™). However,
G 2R"@T"®C” and R R. A previous remark yields Hom (G, R)
~Hom (R, R)* @ Hom (R, T)" @ Hom (R, C"). 1t is clear that Hom (R, R)~R.
Since R is connected and C” is discrete, Hom (R, C")=(0). Thus Hom (G, R)
an @ (RA)ngn+m.

Similarly, Hom (G, D)~Hom (D", G*), which is isomorphic to Hom (D", R)
@ Hom (D™, T)" @ Hom (D™, C™). It is clear that Hom (D™, R)=(0),
Hom (D™, T)~D and Hom (D™, C*)~Hom (C, D). Thus Hom (G, D)~ D™
@ Hom (C, D). This completes the proof.

THEOREM 4.10. If G, is a closed subgroup of a compactly generated group G, and
H has no small subgroups then the continuous restriction homomorphism

f: Hom (G,, H) — Hom (G,, H)
is open.

Proof. Since H has no small subgroups, H~ R* @ T™ @ D where D is a discrete
group. As we have observed before, Hom (G;, H) is naturally isomorphic with
Hom (G;, R)* @ Hom (G, T)" @ Hom (G, D). An easy direct sum argument
shows that it suffices to prove that the following partial maps are open

f1: Hom (G,, R) — Hom (G4, R),
f2: Hom (G,, T) — Hom (G4, T),
f3: Hom (G,, D) — Hom (G,, D).

(1) Since R is injective, f; is an epimorphism. Both Hom (G,, R) and Hom (G, R)

are locally compact, by a corollary to Theorem 4.1. In fact, Proposition 4.1 shows
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that Hom (G, R) is a vector group. The open mapping theorem guarantees that
f1 is open.

(2) It is easy to see that f,=i" where i: G; — G is the inclusion of G, into G,.
Hence f is a proper epimorphism.

(3) Hom (G,, D)~ D™ ® Hom (C, D), by Proposition 4.1. But the latter is
isomorphic to D™ @ M(C, D). By Theorem 4.1, M(C, D™) is discrete, because
C and D™ are compact. Thus Hom (G, D) is a finite direct product of discrete
groups. Since Hom (G, D) is discrete, f3 is an open map.

V. Tensor products of homomorphisms, exactmess, and structural properties.
Let G,...,G, and H,,...,H, be in &% and assume M, (G,,...,G, and
M (H,,..., H) are locally compact. Denote the respective tensor maps by
$:11i-1 Gi—>Q)i-1 Gy and ¢': [Ti-; H, —Qi-, H,. If for each i=1,. .., r we are
given a continuous homomorphism f;: G; - H,, define the map

7 A B ‘IIG,—»‘I'?IIH,
by [fi .- Lfil(x1 -« o X)=(fi(x1), . - ., fi(x;)). It is clear that ¢'[fy,...,f;] is a

continuous r-linear map [, G; > X)i-, H,. Since My(H,, ..., H,) is in &, so
is @i-1 H;. Hence since M(Gy,...,G,) is in Z there exists, by Theorem 4.6,
a unique continuous linear map denoted by f; ® -+ ® f;: Qi1 Gi —> X1 H,
satisfying (f; ® - -+ @ f)-¢=¢'f1,.. .. fi].

If, fori=1,...,r, g: G,— H, is another family of continuous homomorphisms
then for each i, i ® - Qfi+8 R VL= Q - - Qfi® - Qfr+/1
® - g ® -+ ®f,. These equations are derived by observing that the func-
tions on either side agree on #(I ]}, G,) and hence, by Theorem 4.6, on )., G;.
In particular, if f;=0 for some i then f; ® - - - ® f,=0. It is clear that if idg, is the
identity map on G, then id;, ® - -+ @ idg, =id Q)i-; G.. Given continuous homo-
morphisms

I g

where i=1,...,r, a similar application of Theorem 4.6 shows that g,f; ® - --

Refi=(&:1® - Q&)L ® - ®f). If fi: G,— H, is an isomorphism then

fi ® - ®f, is an isomorphism and (f; ® - Q) '=1'Q - Qfi .
Dually, we define [f1,...,£]°: Mr(H,, ..., H)— My(G,,...,G,) by

Ui 1P = w5 f

for pe M (Hy, ..., H,). One sees easily that o[fi,... . f]'=(/i ® -+ @ f) o'
where w denotes the natural isomorphism'MT(Gl, e, G) > MGy, ...,G)"
and «' the natural isomorphism Mi(H,,..., H)— M(H,,..., H)"". Hence
[fs, ..., f;]® is the continuous homomorphism dual to f; ® - -+ ® f;. Whenever
it is clear which maps f3, . . ., f; are being considered we will abbreviate [f;, .. ., f;]*
by °, and the image of a subset S of M(H,, ..., H,) in M(G,, ..., G,) by S°.
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THEOREM 5.1. Let M(Gy, ..., G,) and M(H,, ..., H,) be locally compact. If
fi, . . -, fr are proper epimorphisms then f; @ - -- ® f, is a proper epimorphism.

Proof. Clearly [fi, ..., f;] is an epimorphism. Consequently,

e ef(16) = 1. s)[16) = ¢(LT #).

It follows by linearity that f; ® -+ ® f(D)=D’ where D and D’ are the sub-
groups of Q-1 G; and )i, H; generated by #([1i-; G) and ¢'([Ti-, H;) re-
spectively. Hence f; ® - -+ ® fi(X)i-1 G)) is dense in Xi-, H;. This implies that *
is a (continuous) monomorphism. We show that ® is proper. Let W(F, I') be an
open neighborhood of 0 in M (H,,..., H,) where F is compact. Clearly F is
contained in []j-; Fy,, a compact box. Hence W(F, I)*> W ([Ti-, Fg,, I)*. It is
sufficient to show that W([]j-; Fu,T)* contains the intersection of
M(H,, ..., H)* with an open neighborhood of 0 in M(G,...,G,). Thus we
may assume F=[]i_, Fy,. Let U, be a compact neighborhood of 0 in G;. Since f;
is a proper epimorphism, {fi(x;+ Uy) : x; € G;} is an open covering of H; and hence
of Fy,. By compactness Fy, <\ J}4, fi(x{” + U;) where x{ € G,. Let

Ny
FG‘ = LJ]. x?)+ Ui-
Jj=

It is clear that F, is compact and fi(Fs)>Fy, Evidently, W([Ti-, Fg, I)*
SMi(H,y, ..., H)* N W(Ti-1 Fg, T'). Thus ® is a proper monomorphism and
hence f; ® -+ ® f, is a proper epimorphism, by Theorem 2.1. This completes
the proof.

Henceforth we restrict ourselves to the case r=2 and slightly change the
notation.

PrOPOSITION 5.1. If g: G, — G, and h: H, — H, are proper epimorphisms where
G,and H e & for i=1, 2, then M(G,, H,)® is the set of ve Mx(G,, H,) satisfying
(G, x Ker h)=(0)=v(Ker g x H,).

Proof. Suppose ve M(Gy, Hy)*. If xeKerg, then »(x,y)=p(0, A(y))=(0),
since w is bilinear. Hence v(Ker g x H,)=(0). Similarly, »(G;, x Ker h)=(0). On
the other hand, if v e M(G,, H,) and (G, x Ker h)=(0)=v(Ker g x H,), then by
Theorem 4.8, v induces a map p in M,(G,/Ker g, H,/Ker h) with the property that
uf=v, where f is the map from G, x H, — (G/Ker g) x (H,/Ker k), defined by
f(x,y)=(x+Kerg, y+Kerh). Since G,~G,/Kerg, and H,~ H,/Ker h, after
identification via these isomorphisms, f=[g, ] and therefore, v=pu[g, h]. This
completes the proof.

THEOREM 5.2. Let

0—> G, 25 Gy 225Gy, —> 0
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be a proper exact sequence with G, and G, or equivalently G,, compactly generated.
Let H be compactly generated. Then

91®idy g2®idy

is a proper exact sequence.

Proof. By Theorem 2.1, it is sufficient to show that

0 —> MGy, H) —> MGy, H) —> My(Gy, H)

is proper exact. By Theorem 5.1, ®2 is a proper monomorphism. Since Ker *1
is the set of all p € M(G,, H) that annihilate g,(G,) x H=Ker g, x H, it follows
from Proposition 5.1 that Ker 1= Mz(G;, H)*2. Because of the isomorphism of
functors established in §IV, it follows from Theorem 4.10 that ®: is proper. This
completes the proof.

COROLLARY. Let G be compactly generated and Z,, be the cyclic group of order n.
Then Z, @ G=GnG.

Proof. Consider the proper exact sequence 0 —nZ —Z — Z, — 0. By Theo-
rem 52, nZ@G—~>ZQG—Z, ® G—0 is proper exact. Hence Z, ® G~Z
® Gimage of nZ ® G. However as we noted earlier this may be identified with
G [nG. Note that nG is a closed subgroup of G since G is compactly generated.
This completes the proof.

Now let € and A, respectively, denote the categories of groups in % that are
compactly generated and have no small subgroups. We define four families of
functors of G. These are defined only on the categories and only for those H’s
indicated below. The mappings are those already used several times.

(1) * ® H: ¢ —~ %, where H is in €. This is a covariant additive functor.

(2) My(*, H): € — %, where H is in ¥. This is a contravariant additive functor.

(3) Hom (*, H): € — %, where H is in A#". This is a contravariant additive
functor. '

(4) Hom (H, %): /" — %, where H is in €. This is a covariant additive functor.

DEFINITION. A covariant additive functor & is called proper terminally exact
if for all proper exact sequences 0 — G; — G, — G3 —> 0 in the domain of &,
F(G) - F(G,) -~ F(G;) —~ 0 is a proper exact sequence, and is called proper
initially exact if 0 — #(G,) — #(G,) — F(Gy) is a proper exact sequence.

Similarly a contravariant additive functor & is called proper terminally exact
if for all proper exact sequences 0 — G; — G, — G3 — 0 in the domain of &,
F(G;) > F(G,) - F(G,) — 0 is a proper exact sequence, and is called proper
initially exact if 0 — #(G3) — F(G,) — F(G,) is a proper exact sequence. These
definitions are continuous analogues of those given in [6].

ReMARK. Throughout §V, we will utilize fully the fact that all notions and
theorems dualize; in particular, that € and 4" and certain of their subclasses are
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dual categories, that the dual of a short proper exact sequence is a short proper
exact sequence, and that for G and H in %, (G ® H)", MG, H), Hom (G, H")
and Hom (H, G™) are isomorphic functors. Thus one proof replaces four.

In proving Theorem 5.2, we have actually proven

THEOREM 5.3. The functor « @ H is a proper terminally exact functor, and
M(x, H), Hom (*, H), and Hom (H, %) are proper initially exact functors.

COROLLARY. Let G, and G, be in € and H in N If g: G, — G, is a proper
homomorphism then the induced map g*: Hom (G,, H) — Hom (G,, H) obtained
by composition is a proper homomorphism.

Let Gy, Gy and H be in €. If g: G, — G, is a proper homomorphism then the
induced maps G, @ H—~> G, ® H and M(G,, H) - M(G,, H) are proper
homomorphisms.

Let G, and G, be in #" and H in €. If g: G, — G, is a proper homomorphism
then the induced map Hom (H, G,) — Hom (H, G) is a proper homomorphism.

The above Corollary generalizes Theorem 4.10.

Proof. Since g(G,) is a closed subgroup of G,, we can write g=ir where
i: g(Gy) > G, and =: G, — g(G,) are proper homomorphisms; i is injective and =
surjective. Hence g*==*i*. It follows from Theorem 4.10 that i* is an open map.
Thus, to show that g* is proper, it is sufficient to show that =* is proper, that is,
we are reduced to proving the theorem in the case where g is surjective. In this
case, consider the proper exact sequence 0 — Ker g — G, — G, — 0. It follows
from Theorem 5.3 that

0 —> Hom (G,, H) < 5 Hom (G, H)—> Hom (Ker g, H)

is a proper exact sequence. In particular, g* is a proper homomorphism. The proof
is completed by dualization.

DEFINITION. A covariant or contravariant additive functor # is called proper
exact if it is both proper terminally exact and proper initially exact (see [6]).

THEOREM 5.4. * @ H, M(x, H) and Hom (H, %) are proper exact functors if and
only if the maximum compact subgroup of H is (0). Hom (*, H) is a proper exact
Sunctor if and only if H is connected.

Proof. Hom (x, H) is proper exact if and only if H is injective for the class of
compactly generated groups. As we have already proven, the injectives for £
are the same as those for compactly generated groups, namely, R* @ T, direct
sums of vector groups and tori. H is a group without small subgroups; hence,
o is finite. So Hom (%, H) is a proper exact functor if and only if H=R"@ T™,
i.e., if and only if H is a connected group without small subgroups. Consequently,
because of the isomorphism of various functors, and Theorems 2.1 and 2.5
Corollary 2, the result follows.
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COROLLARY. We remark that Hom (¥, H) is proper exact if and only if it is
proper exact relative to the sequence 0 —Z — R — T — 0, for, as we saw earlier,
a group which is injective for this sequence must be connected, and hence is injective
for all sequences, by Theorem 5.4. Since the sequence 0 —Z — R — T — 0 is self
dual, the same statements are true for x ® H, M (*, H) and Hom (H, *).

DEerINITION. A functor preserving proper exactness for a class of extensions is
called a proper exact functor relative to that class.

THEOREM 5.5. Relative to sequences 0 — G, — G, — G3 — 0, where G, is open
in Gy, * @ H and M(x, H) are proper exact if and only if H is torsion free.
Hom (%, H) is proper exact if and only if H is divisible. Relative to sequences
0 — G, - Gy — G3 — 0, where G, is compact, Hom (H, x) is proper exact if and
only if H is torsion free.

Proof. By dualization, it is sufficient to prove that Hom (x, H) is proper exact
if and only if H is divisible. If Hom (*, H) is proper exact relative to the sequences
0 —>nZ—Z—>Z,—0 then evidently H is divisible. The converse follows from
the fact that G, is open in Gs.

THEOREM 5.6. Relative to sequences 0 — G, — Gy — Gz — 0 with each G, compact,
* @ H and M (%, H) are proper exact if and only if the maximum compact subgroup
of H is connected. Hom (x, H) is proper exact if and only if H|H, is torsion free.
Relative to sequences 0 — G, — G5 — G3 — 0, of discrete groups, Hom (H, x) is
proper exact if and only if the maximum compact subgroup of H is connected.

Proof. If H is connected, Hom (%, H) is proper exact, by Theorem 5.4. Thus we
are led to the case of H= D, a discrete group. D is torsion free; for suppose y € D,
and the order of y=n. Consider the sequence 0 — Z, — T — T — 0. The natural
map of Z, into D cannot extend to T since T is connected. Conversely, if D is a
torsion free discrete group, and ¢: G, — D is a continuous homomorphism, then
£(G,) is compact and hence finite, since D is discrete. Because D is torsion free,
¢ is trivial and extends trivially. Dualizing, Theorem 5.6 is completely proven.

THEOREM 5.7. Relative to sequences 0 — G, — G5 — G3 — 0, where G, is con-
nected and G, is a pure subgroup of G,, * @ H and M (x, H) are proper exact
Sfunctors for all Hin €. Hom (x, H) is a proper exact functor for all H in A". Relative
to sequences 0 — G, — G, — Gz — 0 where G, and G5 are torsion free, Hom (H, *)
is a proper exact functor for all H in €.

Proof. If H is connected, Hom (x, H) is proper exact, by Theorem 5.4. Thus,
we are led to the case H= D, a discrete group. Now, by Corollary 1 of Theorem 2.9,
G, is connected. Hence any continuous homomorphism G, — D is trivial and
extends trivially. The proof is completed by dualization.

Next we give an explicit computation of Hom (G,, G5), G; ® G, and M4(G,, Gs)
in terms of known invariants of G; and G,.
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THEOREM 5.8. Let G be compactly generated and H have no small subgroups.
Let their canonical decompositions be G=R" ®Z™ ® C and H=R* D T' @ D.
Then Hom (G, H)~ R™*™k @ (G™) @ D™ ® Hom (C, D).

Dually, if G, and G, are compactly generated groups whose decompositions for
i=1,2are G;=R" @ Z™ @ C,, where C, is the maximal compact subgroup, then

G ®G, 2 RM*™" QG DCHr D C, Q Cy,
and

Mz(Gy, Gg) = R™ ¥ @ (GT)"2 @ (C2)™ @ M(Cy, Cy).

Proof. The first part follows directly from the additive properties of Hom,
and Proposition 4.1. The second part now follows by dualization.

We use Theorem 5.8 to compute some specific examples and give the significance
of tensor products of various groups. The first such result gives a sharpening of
Theorem 4.4.

COROLLARY 1. If G, and G, are in € then so is G, ® G..

Proof. The result follows from Theorem 5.8, since C; ® C, is compact by
Theorem 4.4.

COROLLARY 2. If G, is connected and G is compactly generated then
G, ® G; ~ R""2 @ GT-.

Proof. G, is connected if and only if m; =0 and C, is connected. In this case
C#:1=(0) and (C; ® C;)"~Hom (Cy, C3)=(0). Hence C, ® C,=(0). Thus
G; ® Go~ RM" @ GT2. From this we conclude several facts:

(1) If G, is connected and G, is compactly generated then G; ® G is connected.
This is clear.

(2) If G, is connected and G, is compact then G; ® G,=(0). G, is compact if
and only if n,=m,;=0. The result follows.

(3) If G, is connected and G, is compact then My(G;, G;)=(0) for all locally
compact commutative groups G.

For G=T, we see that M(G,, G3)~(G; ® G5)"=(0). Now let G be any locally
compact group and ¢ a character of G. If pe My(G,, G,) then éu e M (G, G,),
so that {u(x;, x;)=0 for all characters ¢. Since the characters of G separate points,
n=0.

(4) If G, and G, are connected then G; ® G,~ R™"2. The tensor product of
connected groups of vector dimensions #; and n, is isomorphic to the vector group
of dimension n;n,.

(5) If G has no small subgroups then T ® G is (naturally ~ with) the maximal
toral subgroup of G.

We take G, =T and G,=G", a compactly generated group. Since n, =m, =0 and
C, =T, it follows that T ® G~ =T"z, which is the maximal toral subgroup of G.
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CokOLLARY 3. If G is a group without small subgroups then Hom (R, G), the
group of one parameter subgroups of G, together with e: Hom (R, G) — G, the
evaluation at 1, is the simply connected covering group of G,.

Proof. G=R"® T™ @ D. Since Hom (R, G)=~ M (R, G"), taking n,=1, my;=0
and C,=(0), we see that Hom (R, G)~ R"*™= R¥™m¢_ Since uniform convergence
on compact subsets implies pointwise convergence, the evaluation map e is a
continuous homomorphism. Because Hom (R, G) is a vector group, it is connected.
This means that e(Hom (R, G)) is contained in G,. Since G, is connected, the
corollary to Theorem 5.4 shows that Hom (x, G,) is proper exact for the se-
quence 0 —Z — R — T — 0. Hence each point of G, lies on a one parameter
subgroup, and e is surjective, as a map to G,. Since both groups are compactly
generated the Open Mapping Theorem shows that e is proper. A comparison of the
dimensions of Hom (R, G) and G, shows that Ker e is discrete, and so e is a
covering map. Since Hom (R, G) is a vector group the result follows.

Now we turn to G ® H where G and H are compact.

PROPOSITION 5.1. Let G be in € and H be compact. Then G @ H~(G|G,) ® H.

Proof. Consider the proper exact sequence 0 — Gy — G — G |Gy — 0. It follows
that G, ® H—~ G ® H— (G/G,) @ H — 0 is proper exact. However, (G, ® H)"
~Hom (G,, H™). Since G, is connected and H” is discrete, Hom (G, H™)=(0),
and therefore G, ® H=(0). This means that 0 - G ® H— (G/G,) ® H—0 is
proper exact, and consequently G ® H~(G|/G,) ® H.

COROLLARY. If G and H are compact then G @ H>(G[G,) ® (H|H,).

Proof. By repeating the above argument we get (G/G,) ® H~(G|G,) ® (H|[H,),
and hence G ® H~(G|G,) ® (H|H,), the tensor product of compact totally
disconnected groups.

This suggests utilization of results of Braconnier [5], some of which, however,
go back to Krull and others.

We denote by I, the additive group of the p-adic integers, by (Z, | ,) the subgroup
of integers with the p-adic topology and by Z(p") the cyclic group of order p".
I, is a compact commutative totally disconnected group.

Now we give the definition of a p-group in [5], and summarize some of the basic
properties we shall utilize. Let G be in £ and define f: Zx G — G by f(n, x)=nx.

DEFINITION. G is a p-group if for each fixed x € G, fis continuous in n, where Z
takes the p-adic topology. If G is discrete, this notion coincides with the usual
one of a p-group in abstract abelian groups (see [3]). If G is a p-group then f
extends to a continuous bilinear map, say p: I, x G — G. G is a p-group if and only
if G™ is a p-group. I, is a p-group.

DEFINITION. Let G € Z. G, is the set of those x’s in G for which f(x, x) is a
continuous function of n, where Z takes the p-adic topology. G, is called the p-
primary component of G.
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The G,’s are disjoint p subgroups of G. If G is totally disconnected then G, is
closed. If G is compact and totally disconnected then G~[ ], G,, the direct product
of the G,’s (product topology). This is called the primary decomposition of a
compact totally disconnected group [S]. It is dual to the primary decomposition
of a discrete torsion group [3].

PROPOSITION 5.2. If G is u compact p-group, then I, @ G=G.

Proof. Let p be the G-valued bilinear map on I, x G, derived from the fact
that G is a locally compact p-group. Let y, be the induced continuous homo-
morphism satisfying x,¢=p. x, is surjective, since x, (I, ® G)>x, (I, x G)
=u(l,xG)>p((Z, |,) xG). But u(l,g)=g, so that u((Z, |,)xG)>G. Thus
x.(I, ® G)=G. Since I, and G are compact; so is I, ® G. Thus the Open Mapping
Theorem yields that x, is open. We consider x;: G~ — M(I,, G), defined by
X2 (©=¢ou for £€G™, and show that x; is surjective. Suppose v € M(I,, G).
We consider the restriction of v to (Z, ||,) X G. Let &x)=w(1, x). Clearly £ is a
character of G. Now é&u(n, x)=£&(n, x)=né(x)=mv(1, x)=v(n, x). So éu=v on
(Z, ||,) x G which is dense in I, x G, because (Z, |,) is dense in I,. Since £u and v
are continuous, they are equal. Thus y; is surjective. Since G and M(I,, G) are
locally compact, this implies that y, is injective and hence an isomorphism.

PROPOSITION 5.3. If G is any compact totally disconnected group then I, @ G~ G,.

Proof. Let Gx]], G,be the primary decompositionof G. I, ® G~[, (I, ® G,).
Now I, ® G,=(0) for g#p. In fact, (I, ® G,)"~Hom (I, G;") where G7 is a
discrete g group. If £: I, — G7 is a continuous homomorphism we know [5] that
either (1) &(1,) 1, or (2) é(I,)~Z(p"™) depending on whether £ is injective or not.
In any case, I, is torsion free,-and G is a discrete g group. Hence (1) is impossible.
Similarly, since Z(p") has all its elements of order p*, with p#q, (2) is impossible.
Thus Hom (Z,, G7)=(0), and therefore I, ® G,=(0). Hence I, ® G~ 1, I, ® G,
~I, ® G,~G,, by Proposition 5.2.

THEOREM 5.9. If G is any compact group, then

(1) I, ® G=(G|Gy),, the p-primary component of G |G,.

2) I, ® I,=(0), forq#p,and I, ® I,~1,.

(3) G/Go;’I_Ip (Ip ® G)

Proof. I, ® G=1, @ (G/G,) by Proposition 5.1. By Proposition 5.3, I, ® (G/G,)
~(G/G,),. Hence, I, ® G(G/Gy),. In particular, I, ® I,=(0), for g#p, and
I, ® I,~1,. 1t follows that, for any compact group G, G/Go~[1, I, ® G. This
completes the proof.

COROLLARY. Let G be in €. Then G @ H=(0) for all compact groups H if and
only if G is connected.

Proof. If H is compact and G is connected, then G ® H=(0) by Corollary 3
of Theorem 5.8. Conversely, suppose G ® H=(0) for all compact groups H.
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Wehave G2 R* D Z™ @ C,andhenceG Q HX(RQH)" D(ZQH)"P® CRQ H.
As was just noted, R ® H=(0). Also, Z ® H~ H. Since G ® H=(0) for all H,
it follows that m=0. Because R" is connected and G ® H~ C ® H, we may assume
that G is compact. By hypothesis, I, ® G=(0) for each prime p. Hence, by
Theorem 5.9, G|G, =], I, ® G=(0). Thus G=G,.

THEOREM 5.10. (1) The tensor product of compact totally disconnected groups is a
compact totally disconnected group whose p-primary component is G, @ H,.

(2) The tensor product of compact p-groups is a compact p-group.

(3) The tensor product of a compact p-group with a compact g-group is (0)

for p#q.

Proof. Let G and H be arbitrary compact groups. Then G ® H is compact by
Theorem 4.4. It is totally disconnected if and only if (G ® H)” ~Hom (G, H")
is a torsion group. Now if fe€ Hom (G, H"™) then f(G) is a finite subgroup of H™,
since G is compact and H" is discrete. Let n(f)=order of f(G). Then n(f)f=0.
Thus (G ® H)" is a torsion group, whence G ® H is compact and totally
disconnected.

Now suppose, in addition, that G and H are totally disconnected. Let G=[1], G,
and H=]], H, be the primary decompositions of G and H, respectively. Then
G ® H>T1,.,G, ® H,. Now if p#gq then

GOH,2LRGRILRIH>L,QL,QGCGRH=(0)Q®GQH=(0).

Hence, G ® H~T], G, ® H,. Moreover, G, @ H,=2I, G I,  H=I, Q I,
®GQ H~I, ® G ® H. Since G ® H is compact and totally disconnected,
Proposition 5.3 shows that I, ® G ® H~(G ® H),. Hence (G ® H),~G, @ H,
and [ ], G, ® H, is the primary decomposition of G @ H. (2) follows immediately
from (1), and (3) was proven in the course of proving (1). This completes the proof.

Finally, Theorem 5.10 yields, in combination with the corollary to Proposition
5.1, the following result.

THEOREM 5.11. If G and H are arbitrary compact groups then G ® H is a compact
totally disconnected group whose p-primary component is (G |Go), @ (H|Hy),.

VI. Ext and Tor. The standard homological algebra [6] applies in its entirety
only to abelian categories. As we have noted in the Introduction, £ is not an
abelian category. These difficulties have already been encountered in §§IV and V,
where the functors Hom, (X) and related functors were discussed. They were re-
solved by restricting the homomorphisms and the corresponding sequences to be
proper, and by restricting the domains of definition of the various functors. In
this section, we define the functors Ext and Tor as derived functors of Hom and )
by projective and injective resolutions. Similarly here, the resolutions employed
must be proper. The domains of the functors Ext and Tor must be included in
those of Hom and (X) respectively and, in fact, will have to be restricted even further.
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Even so, all the difficulties have not been systematically isolated. It is necessary
to make ad hoc arguments at certain places within a proof in order to show that
various subgroups are closed and, more particularly, that various homomorphisms
are proper. Moreover, this procedure is not always possible in certain of the
standard methods of proof of homological algebra, and the results must be gotten
from others by dualization. However, with the restrictions on the domains, the
admissible homomorphisms, and the resolutions indicated above, all the homo-
logical results that one would want are true. Although we do not work out every
detail of the theory completely but merely assert that this or that standard homo-
logical method works, in one case the work is done in complete detail; namely in
the proof of Theorem 6.6.

THEOREM 6.1. Let G and H be in £ and suppose that

e d d d.
0—>G—>Ilh—>L,—>I,—> - isa proper exact sequence and
li lfo lh l!z
€ () (2] (D) .
00— H—> Jy—>J, —> J,—> - - - is a complex,
where J, is injective for n=1,2, . ... Then given f € Hom (G, H), there exists, for

each integer n, an f, € Hom (I,, J,) such that the above diagram is commutative.
Moreover, any two such sequences of maps are homotopic in the sense that, if g, is
another such sequence of continuous homomorphisms, there exist h, € Hom (I,,, J,, _,),
Jor n=1,2,..., and hye Hom (I, H) such that f,—g,=8,_ ih,+h,..d,, for
n=1,2,..., and fo—go=hydo+ chy. (Actually, hy may be taken to be 0.)

Dually, let G and H € £ and suppose that

dg dy do b4 .
+—> P, —> P, —> Py, —> G —> 0 is a complex where each P,

l!z lh l!o l! is projective and
(2] o1 6o n .
cor—> Qy—> 0, —> Qo —> H—> 0 is a proper exact sequence.

Then, given f € Hom (G, H), there exists for each integer n, an f, € Hom (P,, Q,)
such that the above diagram is commutative. Moreover, any two such sequences of
maps are homotopic.

Proof. The proof proceeds along the usual lines (see [6]), except that the assump-
tion that the top row is proper takes care of the presence of topology. The second
statement follows from the first by dualization.

COROLLARY. If 0 —> G —— I —> I, 2> and

lida

0—G—Jy—>J,—>
€ do 01

are two injective resolutions of G then, for each n, there exists f, € Hom (I, J,) and
&» € Hom (Jy, 1) such that g, f, and f, g, are homotopic to id,, and id, , respectively.
Dually, any two projective resolutions of a group G are homotopic.
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The proofs are obvious from Theorem 6.1.

In order to define Ext’ (G, H) as a derived functor of Hom (G, H) by injective
resolution of H, it is necessary that G in € and H in A" (see §V). However, since
H is to have an injective resolution it is necessary, by Theorem 3.6, that H is in €.
Thus we must assume that G in € and Hin € N A",

DEFINITION. A group in ¥ N A is called elementary.

It follows directly from Theorems 2.4 and 2.5 that F is elementary if and only if
ExR*®T™ @D Z° @ F where F is a finite group.

Let E be an elementary group and consider injective resolutions of

e do dy dgz
EEQO—E—I—I,—I—> -
where I, is in /A, that is, I, is elementary (Theorem 3.2). We prove the existence of
such resolutions shortly. Let G € €. By the corollary to Theorem 5.3, the induced
sequence

0 —> Hom (G, E) —— Hom (G, I,) ~— Hom (G, I,) > Hom (G, I,) >

which we denote by Hom (G, I(E)) is proper. Moreover, it is clear that
Hom (G, I(E)) is a complex. The sequence obtained from Hom (G, I(E)) by
deleting all terms after Hom (G, I,) is proper exact by Theorem 5.3. Finally, since
Hom (G, I(E)) is a complex and the homomorphisms are proper, it follows that
d¥_ , (Hom (G, I, _,)) is a closed subgroup of Ker d¥.

DEerINITION. We denote the nth homology group of Hom (G, I(E)) by Ext! (G, E).
The corollary to Theorem 6.1 shows that the topological groups so defined are
independent (to within natural isomorphisms) of the resolution. As usual
Ext! (G, E) is an additive functor contravariant in G and covariant in E.

Since E is elementary, as was remarked above, EXR" @ T™ @ Z°* @ F, where F
is a finite group and hence is the direct product of a finite number of cyclic groups
Z,,. As in §III, an injective resolution of E may be found by finding an injective
resolution of the factors of E and then taking their direct product.

Injective resolutions of R, T, Z, and Z, are the following:

0—-R—-R—->0—->0
0>T—-T—-0—-0
0->Z—>R—>T—0
0-Z,—-T—>T—0.

Thus, if E is elementary, there exists an injective resolution

0—9E ¢ Io fo ]1 o Igd—2>“'

where I,=(0) for n=2 and I, is elementary for n=1, 2. Hence d,=0 for n=1 so
that d¥=0 for n=1.
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PROPOSITION 6.1. Let G be in% and E be elementary. Then Ext} (G, E)~Hom (G, E),
Extl (G, E)=(0) for n22, and Ext} (G, E)~Hom (G, I,)/d¥(Hom (G, I,)), where
df is the map induced from the standard short resolution of E. In particular,
Ext! (G, E) is a discrete group.

Proof. For n=2, Ker d}=Hom (G, I,)=(0), since I,=(0). Thus Ext! (G, E)
=(0). Ext! (G, E)=Ker df/d¥(Hom (G, I,))=Hom (G, I,)/d¥(Hom (G, I,)).
Ext} (G, E)=Ker d¥ =e*(Hom (G, E))~Hom (G, E), since 0 — Hom (G, E) —
Hom (G, I,) - Hom (G, I,) is a proper exact sequence. Now because G is in ¥
and I, and I, are in A4, a dual version of Theorem 4.10 yields that d¢: Hom (G, I,)
— Hom (G, I,) is an open map. Hence d¥(Hom (G, I,)) is open in Hom (G, I)
and therefore Ext] (G, E) is discrete. This completes the proof of Proposition 6.1.

THEOREM 6.2. If 0 — E, — E; — E; — 0 is a proper exact sequence of elementary
groups, and G is in €, then
0 — Hom (G, E;) -~ Hom (G, E;) - Hom (G, Ej)

6.1)
— Ext} (G, Ey) — Ext} (G, E,) — Ext} (G, E;) — 0

is a proper exact sequence. In particular, if 0 > E — I, — 1, — I, — --- is any
injective resolution of E by elementary groups, then

0 — Hom (G, E) - Hom (G, I,) - Hom (G, I,) - Ext} (G, E) -0

is a proper exact sequence. Similarly, if 0 — G; — G, — G3 — 0 is a proper exact
sequence of groups in € and E is elementary, then

0 — Hom (G3, E) — Hom (G,, E) - Hom (G4, E)

— Ext} (G, E) — Ext! (G, E) — Ext} (G,, E) -0
is a proper exact sequence.

Proof. The sequence obtained from 6.1 by deleting all terms after Hom (G, E;)
is proper exact by Theorem 5.3. Clearly, all maps in 6.1 are continuous. They are
trivially proper since Ext! (G, E;) is discrete for i=1,2, 3. The proof that the
sequence is exact follows the usual one in homological algebra [6]. It terminates
because Ext} (G, E)=(0) for i=1, 2,3 and n=2. This proves that 6.1 is proper
exact. The second statement follows from this because Ext! (G, I,)=(0) since I, is
injective. The final statement follows from the standard exact sequence for a
complex and a subcomplex.

We utilize Proposition 6.1 to compute Ext} explicitly.

THEOREM 6.3. Let G be in € and E be elementary. Then
Exti (G, E) 2 (CY ®C mC” D - @ C"m,C”

where C is the maximum compact subgroup of G and s, ny, ..., n, are respectively
the rank and torsion numbers of E|E,. In particular, Ext} (G, E)~Ext} (C, E|E,).
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Proof. First we compute some special cases. If E=Z, the injective resolution

0—>Z—>R->2>T—>0

of Z show that Ext] (R, Z)=(0), since (R, =) is a covering group of T and R is
simply connected. Also Ext} (Z, Z)=(0), clearly. If C is compact then Ext} (C, Z)
=C", since R has no nontrivial compact subgroups.

Now G~ R" @ Z™ @ C, because G is compactly generated. Since Ext] is additive,
it follows that Ext} (G, Z)=C" where C is the maximum compact subgroup of G.
If E=Z,, the cyclic group of order n, the injective resolution

n

0—2Z, T T 0

of Z, shows that Ext! (R, Z,)=(0), since (T, =) is a covering group of T and R is
simply connected. Also Ext} (Z, Z,)=(0), since T is divisible. If C is compact then,
obviously, Ext} (C, Z,)~ C~/nC". Consequently, Ext} (G, Z,)~ C"/nC", where C
is the maximum compact subgroup of G.

Finally, take E=R* @ T™ ® Z° @ F. Then Ext} (G, E,)=(0) since E, is injective.
Now, by additivity, Ext} (G, E)~Ext! (G, Ey) @ Ext} (G, Z)* ® Ext! (G, F). The
result follows.

CoROLLARY. If (1) the maximum compact subgroup of G is (0), or
(2) E is connected, or
(3) G is torsion free and E|E, is finite then Ext} (G, E)=(0).

Proof. (1) is clear from Theorem 6.3. (2) has already been seen in the proof of
Theorem 6.3. To prove (3), suppose E/E, is finite, so that s=0. Since G is torsion
free, so is C. Hence C™ is divisible, by Theorem 2.9, and C™/n,C”=(0) for
i=1,..., k. The result follows.

Let G and H be in Z. We define Ext” (G, H) as a derived functor of Hom (G, H)
by taking projective resolutions of G. As above, it is clear that G must be an
elementary group which we denote by E, and H in A4". Consider projective resolu-
tions

dz dy do n

—>Py—> P, —>Py,—>E—>0
of E where P, € %, i.e., is elementary (Theorem 3.3). Since a group is in % if and
only if its dual is in A", by Theorem 2.5, Corollary 1, it follows that E is elementary
if and only if E” is elementary. Hence the existence of such resolutions follows by
dualizing the resolution constructed on page-394. By the Corollary to Theorem 5.3,
the induced sequence

0 —> Hom (E, H) ——> Hom (P,, H)

dy d} d3
— Hom (P;, H)—> Hom (Py, H) —> - - -

which we denote by Hom (P(E), H) is proper. Obviously, Hom (P(E), H) is a
complex. The sequence obtained from Hom (P(E), H) by deleting all terms after
Hom (P, H) is proper exact, by Theorem 5.3. Finally, since Hom (P(E), H) is a
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complex and the homomorphisms are proper, it follows that d¥_,(Hom (P, -, H))
is a closed subgroup of Ker d;.

DEerFINITION. We denote the nth homology group of Hom (P(E), H) by
Extf (E, H). The corollary to Theorem 6.1 shows that the topological groups so
defined are independent (to within natural isomorphisms) of the resolution. As
usual, Extf (E, H) is an additive functor contravariant in E and covariant in H.

A standard argument [6] utilizing the appropriate double complex shows that
on their common domain, i.e., pairs (G, H) where both G and H are elementary,
Ext! (G, H) and Extf (G, H) are naturally isomorphic.

ReMARK. For G in € and E elementary, the fact that Ext! (G, E) and
Ext} (C, E|E,) are naturally isomorphic follows from the exactness of the two
homology sequences. In fact, consider the proper exact sequence (0) - E; — E —
E|E, — (0). 1t follows that — Ext} (G, Ey;) — Ext} (G, E) — Ext} (G, E/E,) — (0)
is proper exact. But since E, is injective, Ext} (G, E;)=(0). Therefore Ext! (G, E)
~Ext! (G, E/E,). On the other hand, consider the sequence (0) >~ C — G —
G|/C — (0). Then — Ext} (G/C, E|E,) — Ext} (G, E|E,) — Ext} (C, E/E,) — (0)
is proper exact. Since both G/C and E|E, are elementary, Ext] (G/C, E|E,)
~Ext! (G/C, E|E,). But since G|C is a projective it follows that Ext! (G/C, E/E,)
=(0). Hence Ext! (G, E/E,)~Ext} (C, E|E,) so that Ext} (G, E)~Ext} (C, E|E,).
The corresponding facts about the other functors can be proven similarly.

THEOREM 6.4. If E is elementary and H is in /" then Ext: (E, H) and Extl, (H™, E™)
are naturally isomorphic.

Proof. Clearly, Ext§ (E, H)~Hom (E, H). So if n=0, the theorem follows
from the fact that Hom (E, H) is naturally isomorphic with Hom (H™, E™). In
general, Ext? (E, H)=Ker d¥/d¥ ,(Hom (P,_,, H)). Moreover, E” is elementary,
H” isin €, and

a~ ag a dg
0—E"—P; — P —> Py —> --.
is an injective resolution of E”, which is admissible in defining Ext} (H™, E7).
Thus Ext!, (H™~, E™)~Ker (d;)*/(d,-)*(Hom (H™, P;.;)), where homology is

computed from the complex

0 ——> Hom (H", E~) —> Hom (H", P)

a@p)* @y @a@s)*
——> Hom (H", P{") — Hom (H", P3) ——.

Now for each n, Hom (P,, H) and Hom (H", P;) are isomorphic in a functorial
way. Under this identification, one sees easily that Ker (d;)*=Ker d* and
d¥ ,(Hom (P,_,, H))=(d,-,)*(Hom (H, P;",)). This completes the proof.
COROLLARY 1. If 0 — E; — E,— E; — 0 is a proper exact sequence of ele-
mentary groups and H is in A, then the following is a proper exact sequence.
0 — Hom (E;, H) - Hom (E,, H) — Hom (E;, H)
— Ext} (Es, H) — Ext! (E;, H) — Extf (E;, H) — 0.
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In particular, if - - - — Py — P, — Py — E — 0 is any projective resolution of E by
elementary groups, then the following is a proper exact sequence.

0 — Hom (E, H) - Hom (P,, H) — Hom (P,, H) — Ext, (E, H) — 0.

Similarly, if 0 — H, — H, — H3; — 0 is a proper exact sequence of groups in &
and E is elementary, then

0 — Hom (E, H,) — Hom (E, H;) - Hom (E, H;)
— Ext} (E, H,) — Ext! (E, H,) — Ext! (E, H;) -0
is a proper exact sequence.
COROLLARY 2. If E is elementary and H is in 4" then Ext§ (E, H)~Hom (E, H).
Ext} (E, H) = (H[Ho)" ® (H|Ho)[n\(H[Ho) @ - -+ ® (H|Ho)[m(H|Ho)

where m is the dimension of the maximal toral subgroup of E, and n,, ..., n, are
torsion numbers of E|E,. In particular, Extf (E, H) is a discrete group and is iso-
morphic with Ext} (maximum compact subgroup of E, H|[H,). Finally Ext} (E, H)
=(0) for n=2.

The proofs of Corollaries 1 and 2 follow from Theorem 6.4 and the correspond-
ing facts about Ext} by dualization.

CoRrOLLARY 3. If (1) H is connected, or
(2) E is torsion free, or
(3) E has no toral subgroup and H is divisible, then Ext} (E, H)=(0).

Proof. This follows directly from Corollary 2.

Let G and H be in . We define Tor (G, H) as a derived functor of G ® H
by taking projective resolutions of H. As above, we must assume that G is in €
and H is elementary. We denote H by E. As above, consider projective resolutions

dg dy do n
—Py,—>P,—P,— E—>0
of E, where P, is elementary. It follows from the corollary to Theorem 5.3 that the
induced sequence

G RP, G QP, = G®P,~>G®E—0,

which we denote by G ® P(E), is proper. Obviously, G ® P(E) is a complex.
The sequence obtained from G ® P(E) by deleting all terms before G ® P, is
proper exact, by Theorem 5.3. Finally, since G ® P(E) is a complex and the
homomorphisms are proper, it follows that d¥(G ® P, ) is a closed subgroup of
Kerd¥_,.

DEFINITION. We denote the nth homology group of G ® P(E) by Tor, (G, E).
The corollary to Theorem 6.1 shows that the topological groups so defined are
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independent (to within natural isomorphisms) of the resolution. As usual,
Tor, (G, E) is an additive functor covariant in both variables.

THEOREM 6.5. If G is in € and E is elementary, then Tor, (G, E) is naturally
isomorphic with (Ext} (G, E™))".

Proof. Tor, (G, E)=(G @ P,)/dF(G @ P,)=(G ® Py,)/Ker m*~G Q E, since
G ®P,—GQP,—~GQ® E—0is a proper exact sequence. Since E” is elemen-
tary and G is in €, Ext} (G, E™) is naturally isomorphic with Hom (G, E™), by
Proposition 6.1. As was shown in §IV, G ® E is naturally isomorphic with
Hom ((G, E™))". This proves the theorem in the case n=0. Now, E” is elementary,
and

P dg af g
0— E® —> Py —> P —> P; —>
is an injective resolution of E”, which is admissible in defining Ext} (G, E™).
Hence, Ext;, (G, E™)~Ker (d;)*/(d,-1)*(Hom (G, P;-,)) for n> 1, where homology
is computed from the complex

0 —> Hom (G, E~) > Hom (G, P¢) > Hom (G, P7) 2> . ...

However, the results of §V show that this sequence is precisely
0—> (G ®Ey 255 (G ® P @, G® pI)A“"L, ol
The theorem now follows from Theorem 2.2.

COROLLARY 1. If0 — E; — E, — E; — Qs a proper exact sequence of elementary
groups and G is in € then the following is a proper exact sequence.

0 — Tor, (G, E,) — Tor, (G, E;) — Tor, (G, E;)

If --- —Py— P, — P,— E—0 is any projective resolution of E by elementary
groups, then 0 — Tor, (G, E) > G @ P > G ® P, — G ® E — 0is a proper exact
sequence. Similarly, if 0 — G; — G, — G3 — 0 is a proper exact sequence of groups
in € and E is elementary, then

0 — Tor, (G,, E) — Tor; (G,, E) — Tor, (Gs, E)

isa proper exact sequence.

COROLLARY 2. Let G be in € and E be elementary. Then Tor, (G, E)~G ® E.
Tor, (G, E)=(C)"® C[m] @ -+ @ Clny], where C is the maximum compact
subgroup of G, m is the toral dimension of E, and n,. . ., n, are the torsion numbers
of E|E,. Here C[n] denotes the elements of C whose order divides n. In particular,
Tor, (G, E) is a compact group isomorphic with Tor, (C, maximum compact sub-
group of E). Finally Tor, (G, E)=(0) for n=2.
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The proofs of Corollary 1 and 2 follow from Theorem 6.5 and the corresponding
facts about Ext! by dualization.

COROLLARY 3. Let G be in € and E be elementary. If

(1) the maximum compact subgroup of G=(0), or

(2) E is torsion free, or

(3) G is torsion free and E has no toral subgroup, then Tor, (G, E)=(0).

Proof. This follows immediately from Corollary 2.
DEerFINITION. Let G and H be in Z. An extension of H by G is a short proper
exact sequence
0—H > Y25G6—0

where Y is an abelian topological group. By a theorem of Gleason, [9] or [4],
Yis in 2.
DEerFINITION. Two extensions

0—>Hf—> Y2>G—>0

and
p -

0 H Y’ G—90

of H by G are equivalent if there exists a proper homomorphism /4, making the
following diagram commutative.

71N\

—>H |4 _G—>0
Ny A

Since 4 is automatically bijective, A is a topological group isomorphism, so that
this is an equivalence relation.

DEerINITION. Denote by &(G, H) the set of equivalence classes of extensions of
HbyG.

THEOREM 6.6. (1) If G is in € and E is elementary, then there is a natural bijective
correspondence between &(G, E) and Ext} (G, E).

(2) If E is elementary and H is in A", then there is a natural bijective correspond-
ence between &(E, H) and Ext} (E, H).

Moreover, these correspondences transform the Baer composition of extensions
to the group operation in Ext, so that they are actually group isomorphisms.

0

Whereas in the case of abstract groups, the usual homological proofs of both
(1) and its dual (2) work, in the continuous case there are difficulties connected
with (2) and it must be gotten from (1) by dualization. Since the ™ gives a bijective
correspondence between group extensions 0 - E — Y — G — 0, where E is
elementary and G is in ¥ and 0 > G~ — Y™ — E” — 0 where G” is in A4 and
E” is elementary, and since if 4 is an equivalence between extensions of E by G,
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then A™ is an equivalence between their duals, it follows that there is a natural
bijective correspondence between &(G, E) and 6(E™, G™) for G in ¥ and E
elementary. On the other hand, by Theorem 6.4, Ext} (G, E) and Ext} (E”~, G")
are naturally isomorphic under the same assumptions. Thus, (2) follows from (1)
by dualization. Hence it suffices to prove Part 1 of Theorem 6.6.
Let 0—> E—~> Y-2> G——> 0 be an extension where E
lms l:o lll is elementary and G is in %.

Let 0 — ET’ I, - I, —> 0 be a short injective resolution of E where
I, and I, are elementary. By Theorem 6.1, choose /, € Hom (Y, I,) and
l, e Hom (G, I,) so that the above diagram is commutative. By Theorem 6.2, the
sequence

0 —> Hom (G, E) —> Hom (G, 1) — Hom (G, I,) = Ext. (G, E) —> 0

is proper exact. Define the continuous homomorphism A,: Hom (G, G) —
Hom (G, I) by A(€)=1,- ¢ Then yA(idg) € Ext] (G, E) and is clearly inde-
pendent of the representative of &(G, E), thus giving a map from &(G, E) —
Ext} (G, E).

Now, given any /; € Hom (G, I,) we construct an extension

f1y 91
0O—E—Y,—G—0

as follows. Form the direct sum G @ I, and define the continuous homomorphism
0,,: G DI~ 1 by 0, (x, x0)=—11(x)+d(xo). Let Y, =Ker 6, . It follows from
Corollary 1 of Theorem 2.5 and Proposition 2.6 that G @ I, is in %. Since 6, is
continuous, Y; is a closed subgroup of G @ I, and therefore Y, is in € by
Theorem 2.6. Define f,, : E— Y, by f;, () =(0, e(w)) for u € E. Now, (0, e(u)) € Y,,
since 0, (0, e(u))=—1,(0)+d(e())=0+0. Since e is a proper monomorphism, so
is f,,. Define g, : Y;, — G by g, (x, xo)=x, i.e., g, is the restriction to Y, of the
projection G @ I, — G. Hence, g, € Hom (Y, G). Moreover, Ker g, = Y, nI
=(0) + Ker d=(0) +e(E)=f;,(E). Furthermore,
£,(Y) ={x:xeG and /,(x)ed(ly) = I,} = G,

so that g, is a continuous epimorphism. Since Y, is in %, g, is an open map.
Thus,

U 917
0O—E—Y,—G—0

is an extension. Now define /y: Y,, — I, by [y(x, xo) =x,. Since /, is the restriction
of a continuous homomorphism, /, € Hom (Y, I). It is immediate that /, o f;,
=eoidg and /; o g, =d o l,, so that the following diagram is commutative.

f1p 91
0O—E—Y, —G—0

R

0—>E7> I, d—>11———>0
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Since y is surjective, this implies that the map &(G, E) — Ext} (G, E) is surjective.
Now, let

0— EL>Y*>G—>0bean extension, where
lmg lzo lz, G is in € and E is elementary.

Let O E—I,—/>1,—0 be the given resolution of E

and let /,, [, be extensions of id;. Form

fll 91y

0 E Y, G 0

1

as above. Then

and

0-——->E——f—> Y25>G—>0

are equivalent. To see this, define h: Y — G @ I, by h(»)=(g(»), lo(»)). Then h
is a continuous homomorphism since g and /, are. If ye Y, then 6, (h(y))
=—1,(g(»)+d(l(y))=0 since dlp=I,g. Thus, h(Y)<Y;. One sees easily that
hf=f,, and g, h=g. Clearly, h is bijective. Since the given extension is proper exact,
Y is in € by Theorem 2.6. Hence 4 is open, by the Open Mapping Theorem, and
the extensions are equivalent.

Let

0——>E—!—> Y2>G—>0 and 0—>EL> Y'L>G———>0

be two extensions. Form the respective /; and /5. Suppose they map into the same
cohomology class of Ext] (G, E), namely that yA,;(idg) =yAi(id¢). Then yl, =yl; so
that /,—1I; e Ker y. Since Ker y=38Hom (G, 1)), it follows that /,—/;=d¢ for
some ¢ € Hom (G, I,).

Define a: G @ Iy — G @ I, by a(x, xo) =(x, £(x)+ x,). Because ¢ is a continuous
homomorphism, so is «. Obviously, « is bijective. Since G @ I, is in €, « is a
topological group automorphism, by the Open Mapping Theorem.

Now form Y, and Y,; as above. We show that o(Y, )= Y. Now o(Y))
={alx, xo) : l1,(x)=d(x0)}. But I;(x)=11(x)+dé(x) for each x € G. Thus,

o(¥1,) = {(x, £(x)+Xo) : 11(x)+dé(x) = d(xo)}

which in turn equals {(x, xo,— &(x)) : l1(x) =d(x,— &(x))}. Since as x, ranges over
I,, so does x,— £(x), the result follows. Hence «|Y;, is a topological group iso-
morphism Y, — Y;. Also, for ueE, of; (u)=a(0, e(w))=(0, £(0)+e(w)) =fi,(w)
and gpa(x, x0) =gy (x, £(x)+Xo)=x=g,,(x, xo). Thus of,, =f; and g, =gze so
that « is an equivalence. However, since

/
0—>E >Y'56—>0 and O0—E2>¥, 225G—>0
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are equivalent, and

’ ’ f’ .
0—E >y 256'—>0 and 0—>E—> ¥ 25 G—>0

are equivalent, it follows that
0E—->Y—->G—->0 and 0—-E—-Y —-G—>0

are equivalent. Thus the map &(G, E) — Ext} (G, E) is bijective.
If

0—El5>Y 2 56—50 and 0—E S5y Ls6—50

are two extensions of E by G, one defines their Baer product as follows: Form
Y® Y, and let A={(»,y): (1, Y)eY DY, g(»)=g'())}. A is a closed sub-
group of Y @ Y’ since g and g’ are continuous homomorphisms. Let

B ={(—f(),f' W) : uc E}.

B is a closed subgroup of Y @ Y’ because f and f’ are proper homomorphisms.
Since gf=g'f'=0, B< A. Hence B is a closed subgroup of 4. Let Y"=A4/B and
m: A — Y" be the canonical epimorphism. If € E, then (f(«), 0) and (0, f'()) € 4.
Define f"(u)==(f(u), 0)==(0, f'(u)). Then f": E— Y" is a continuous homo-
morphism since f and = are. Let «: 4 — G be defined by «(y, y')=g(»)=g'(}').
Since o is the composition of g with the restriction to 4 of a projection, it is a
continuous homomorphism. Also, «(—f(v), f'(u))=g'(f'(u))=0. Therefore « in-
duces a continuous homomorphism g”: Y” — G. Since G and E are in €, it follows
from Theorem 2.6 that Y and Y’ are in €. Hence Y @ Y’ is in €, by Proposition
2.6 and Corollary 1 of Theorem 2.5. Consequently A and therefore Y” is in ¥
by Theorem 2.6. It is a strictly formal fact that

0—ES vy 256—0
is an exact sequence. Since E, Y, G are in ¥ it is proper. The equivalence class of
this extension depends only on the equivalence classes of the given extensions.
Thus &(G, E) is closed under Baer multiplication. It is also a strictly formal fact
that the correspondence between &(G, E) and Ext} (G, E) is a homomorphism.

Hence &(G, E) — Ext} (G, E) is an isomorphism. This completes the proof of
Theorem 6.6(%).

COROLLARY. Let 0 — E— Y — G —0 be an extension with G in € and E
elementary. If (1) The maximum compact subgroup of G=(0), or

(2) E is connected, or

(3) G is torsion free and E|E, is finite, then Y~G @ E.

Let 0 -~ H— Y — E — 0 be an extension with H in /" and E elementary.

If (1) H is connected, or

(2) the maximum compact subgroup of E=(0), or

(3) H is divisible and the toral dimension of E=(0), then Y~H @ E.

(®) The proof of Theorem 6.6 is modeled after one in [6].



404 MARTIN MOSKOWITZ

Proof. These corollaries follow directly from Theorem 6.6, the Corollary of
Theorem 6.3 and Corollary 3 of Theorem 6.4.
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